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PREFAOE TO THE THIRD EDITION 


This edition is practically a reprint of the previous edition ; 
only an alternative method of derivation of the equations of 
tangents to Conie Sections avoiding the use of differential 
notation has been introduced. 

I take this opportunity of expressing my heartiest thanks to 
my numerous friends and students serving in different colleges 
and schools of the province for the warm reception they have 


accorded to this book. 


K. K. Basu, 


July, 1966. 
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" SERVICE. at o) 
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PREFAOE TO THE SECOND EDITION 


The need for a new edition has afforded me an opportunity 
to thoroughly revise the book and to make a few additions and 
alterations in conformity with the syllabus prescribed for the 
Pre-University course. A chapter on Transformation of 
Coordinates involving transfer of origin without rotation of axes 
has accordingly been introduced and the principle applied in 
reducing the equations of the Conic Sections to their standard 
forms. The discussion of the properties of Poles and Polars 
has been left out as it is considered beyond the scope of the 
syllabus. The differential notation has however been used in 
deriving the equations of tangents to curves as it much 

"simplifies the work and at the same time helps the student 
understand better the mode of formation of the equations 
directly from the definition. Two new chapters containing 
discussion of the properties of Lines and Planes in space as 
required by the portion of the syllabus relating to Solid 
Geometry have also been incorporated in the present edition. 

I gratefully acknowledge my indebtedness to my numerous. 
friends and colleagues, particularly to Prof. D. Mallik, M.So., 
of Dum Dum Matijheel College and Prof. N. Ghosh, M.Sc., of 
Burdwan Raj College for the kind interest they have taken and 
for their valuable suggestions and comments. 


Berhampore, 


September, 1960. K. K. Basu, 
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SYLLABUS FOR PRE-UNIVERSITY COURSE 


(a) Co-ordinate Plane Geometry : 


Plane Cartesian co-ordinates, distance between two points, 
co-ordinates of the point dividing a finite straight line in a given 
ratio, Area of a triangle. 

Equation of a locus in rectangular Cartesian co-ordinates, 
Transfer of origin without rotation of axes. Equations of a 
straight line in different forms. Angle between two straight 
lines, conditions for parallelism and perpendicularity. Perpendi- 
cular distance of a point froma given line. Equations of the 
angle-bisectors between two lines. Equation of a circle. Inter- 
section of a straight line and a circle. Condition of tangency. 
Equations of the tangent and the normal at a point. 


Definition of a conic with reference to focus and directrix : 
a parabola, an ellipse and a hyperbola. Deduction, from defini- 
tion, of the equations of the above loci referred to the directrix 
and the perpendicular from the focus upon the directrix as 
axes, Reduction of these equations to their standard forms. 
Intersection of a straight line with any of the above loci ; condi- 
tion for tangency. Equation of tangent and normal at a point 
for each of the above loci. Deduction of simple properties of 


the above loci. 


(b) Solid Geometry : 

Definitions—Parallel and skew straight lines, Angle between 
two straight lines and between two planes, parallelism and 
perpendicularity. Angle between a plane and a straight line, 
their parallelism and perpendicularity. Projection of a line on 
a plane. Axioms—(i) One and only one plane passes through a 
given line and a given point outside it. (ii) If two planes have 
one point in common they have at least a second point in com- 
mon. Theorems—(;) Two intersecting planes cut one another 
in a straight line and in no point outside it. (ii) If a straight 
line is perpendicular to each of two intersecting Straight lines 
at their point of intersection, it is perpendicular to the plane 
in which they lie. (iii) All straight lines drawn perpendicular 
toa given straight line ata given point on it are coplanar. 
(iv) If, of two parallel straight lines, one is perpendieular to a 
plane, the other is also perpendicular to it. (v) It a Straight 
line is perpendicular to a plane, then every plane passing 
through it is also perpendicular to that plane. 

Idea of the following regular solids: sphere, rectangular 
parallelopiped, regular tetrahedron, right prism, circular 
cylinder and a right cone. Expressions (without proof) for the 
surfaces and volumes of the above solids. 


SYLLABUS FOR HIGHER SECONDARY COURSE 


Co-ordinate Geometry : 


Rectangular Cartesian co-ordinates in a plane. Lengths of 


segments. Sections of a finite segment in a given ratio. Area of 
a triangle. Straight line. 


Circle: Chords, Tangents, Normals and elementary pro- 
perties connected with them; Parabola, Ellipse, Hyperbola 
referred to their principal axes ; Analytical treatment of these 
curves in respect of (1) the focus and the directrix properties, 
2) tangents and normals and elementary properties connected 
with them, (3) centre and diameter (Note: Discussion should 
always be restricted to rectangular Cartesian co-ordinates.) 


Solid Geometry : 


Axiom (7): One and only one plane may be made to pass 
through any two intersecting straight lines. 


Axiom (ii): Two intersecting planes cut one another in 
a straight line and in no point outside it. 


To prove 


1. Ifastraight line is perpendiculr to each of two inter- 
secting straight lines at their point of intersection, it is also 
perpendicular to the plane in which they lie. 


2. All straight lines drawn perpendicular to a given straight 
line at a given point of it are coplanar. 


3. If two straight lines are parallel, and if one of them is 


perpendicular to a plane, the other is also perpendicular to 
the plane. 


Concept of angle between two planes and angle between 


a straight line and a plane. Concept of parallelism of planes. 
onenn of a line being: parallel to a plane. Concept of skew 
lines. 


Mensuration : 
Parallelopipeds, Right circular Cones, 


] d Prisms and Pyramids 
Expressions, without proof, of the surfaces and volumes of 
these solids), 
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PLANE COORDINATE GEOMETRY 


CHAPTER I 


COORDINATES, LENGTHS OF SEGMENTS, AREAS 


J-1. Coordinates : 


To fix the position of a point in a plane we must refer it to 
points or lines in the plane. It has been found that 
o straight lines intersecting at 
f reference to which the posi- 


some fixed 
the simplest plan is to take tw 
right angles in the plane as lines o 
tion of the point on the plane may be referred. 

Let XOX’ and YOY’ be two straight lines intersecting at 


right angles at O and let P be the given point. 


C9 
P 


ee) 

Y! 
1 to OY to meet OXin N. The position 
y known when we know the distances 
tions in which they are drawn. 

With regard to the directions the usual convention is followed 
—that is to say, ON is taken positive when drawn to the right 
from O and negative when drawn to the left from O ; while 
NP is taken positive if drawn upwards from N and negative if 


drawn downwards. 


Part I—1 


Draw PN paralle 
of the point P is definitel 
ON and NP and the direc 
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The lengths ON and NP with their proper signs are called 
Coordinates of the point. ON is called the abscissa or the 
x-coordinate and NP the Ordinate or the -y-coordinate of the 
point P. If ON is ‘a’ units of length and NP ‘y’ units and 
drawn as in the figure, t.e., if the abscissa and ordinate of P be 
z and y respectively, then P is known as the point (x, y) The 
fixed lines are called axes of Coordinates ; XOX’, the axis of 
t and YOY' the axis of y and O is called the Origin. 


The two axes divide the plane into four parts called 
quadrants. For any pointin the first quadrant XOY both the 
abscissa and the ordinate are positive, in the second quadrant 
YOX' the abscissa is negative and the ordinate is positive, in 
the third quadrant X'OY' both the abscissa and the ordinate 
are negative while in the fourth quadrant Y'OX the abscissa 
is positive and the ordinate negative. 

Given the position of a point in the plane of the axes, we 
know how to get the coordinates of the point. Conversely, if 
the coordinates (a, y) of a point P are given, we can determine 
its position by first measuring ON equal to 'z' units of length 
along the a-axis and then from N drawing NP equal to 'y' units 
parallel.to the y axis, both ON and NP being drawn in their 
proper directions as indicated by the Sign of the coordinates. 
The point P we finally arrive at is the position of the point 
For example, to locate the position of the point (-2, 3) 
N, on OX' such that ON, is equal to 2 units and the 


NıPı parallel to OY equal to 3 units of length. The 
is the point ( — 9, 3). 


(x, y). 
we take 
n draw 
point P, 


It will be at once seen that a point lying on the a-axis will 
have its ordinate equal to zero, 


y-axis will have its abscissa equal ti 
of the origin are (0, 0). 

The system of coordinates 
Cartesian (rectangular) Coor, 
Cartes who first introduced thi 


and that a point lying on the 
© zero, while the Coordinates 


referred to above is known as 
dinates after the name of Des 
S system, 
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I-2. Oblique Axes : 

When the axes of coordinates are inclined to each other at 
an angle other thana right angle the axes are said to be oblique. 
In oblique axes also the convention regarding the signs as well 
as the mode of fixing the position of a point is the same as in 
the case of rectangular axes. When oblique, the angle between 
the positive directions of the axes is generally denoted by 9. 

As it is generally more convenient to take the axes at right 
angles, we shall, throughout this book, assume the axes to be 
rectangular unless otherwise stated. 

I-3. Distance between two points situate 

If two points P and Q are taken on the z-axis where 


don an axis: 


Gi) 


(i) 

OP=x, and OQ-—2s the length PQ is given by 254—274, 
whether the points are on the same or opposite sides of the 
origin, provided in substituting numerical values we attach 
proper signs. 


In fig. (i) where OP=2,=2 and 0Q=22=5 


fends =) 28-505 
P=a,=—2 and 0Q=a.=5 
g,—2,76-(-2)-5-2- T- PQ 
so that in both cases the length PQ-—22 —91. 
Similarly, if two points R and Sare taken on the y-axis 


where OR=Y¥1 and OS-ys the length RS is given by the 
whatever may be the positions of the points 


In fig. (ii) where 0. 


expression ys — Y2 
on the axis of y. 


The above result holds for rectangular as well as oblique 


axes. 
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Remark: To avoid confusion regarding signs we shall 
always consider points or lines in the first quadrant and the 
conclusions thus arrived at will be equally true for their 
positions in any other quadrant and hence the results may be 


treated as perfectly general. 
I-4. Length of the line joining two given points : 
(a) Rectangular Axes. ' 
Let the two given points be P (1, Y1) and Q (v; Ya). 


Draw the ordinates PN and QM 
and draw PR parallel to OX to 
meet QM in R. 

Then 

PR-NM-0M-O0N-z$,—27; 

RQ-MQ-MR-UMQ-NP ` 
=YeYre 


Y 


Q 2] 


M X 


PQ? =PR?+RQ?=(e2—23)* +y vi)" 
Hence, PQ= J(x»-x1)^ t s- 3)". 


The formula has been proved for the case when both the points are in 
the first quadrant. It will be found to be true whatever may be the 
positions of the points. 

As an example, if the two points are 
P (—3, —2) and Q (5, 4) 

so that z,5 —3, y,2 —2 
and z,-5,9,—4 
tben PR- NO -0M 234-52 —2,--24 
and RQ=RM+MQ=2+4=—y,+y,. 
Hence, PQ- 4 PR2+RQ@ 
7 (9 -2)* U9), 


Cor. The distance of a point (a, B) from the origin (0, 0) is 
given by A/a*--?. 


(b) Oblique Ames. 


In this ease the ordinates NP and MQ are also inclined to 
the x-axis at an angle o 


oi ZPRQ-z-o, 
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We have po3-PR*-RQ* —9PR.RQ cos PRQ 

—(zs 21) (ys 91)" 
-F9(zs —ai)(y2 —y3) eos 9, 
since, as before, 
PR=£a— %1, RQ—UVs —V1 


* and cos (x -®)= — eos o. 


Yj 


x 


oo LA Ja xy Ga y0 FEIT 732) cos œ 


ectangular, w= 90°. 


Note: When the axes are T 
n for the distance reduces to 


=0 and the expressio: 


4. cos W 
as has already been derived. 


N (5, —2,)* (37 93^ 


I-5. Section of a line in a given ratio : 
To find the coordinates of the point which divides in & 
n) the line y Gia) 


given ratio (m : 
(2191) 


joining the points 
and (tY). 

Case I. Internal division: 

Let R (a, y) be the point 
which divides the line joining 
P (v,y,) and Q(wave) in © 
the given ratio, $0 that 

PR :RQ5M:™ 

he ordinates PN, 
RS and 
riangles PTR and RVQ 


Draw tl QM and RS and draw PT, RV 
QM in T and V respectively. 


parallel to OX meeting 


Then from similar t 
we have (i) PT : RV=PR: RQ 
(ii) TR : VQF : 

From (i) since pr-NS-08-0N—-s- 5i 
and Ry-SM-OM- 0S-2.—7 


and 


n(z — 23) =m(ts ie 
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i.e., alm+n)=mra nz4 
=Mta Hnt, 
and hence, z VEN ap 
Again from (ii) since TR- SR —ST—SR -NP-y-y, 
and VQ— MQ— MV — MQ—-SR—y, —y 


we have 1 _% 
Ya-y n 


so that  n(y—y,)=my.—y) 
— Myat, 
and hence, y EAA 
Hence, the coordinates of the point which divides the Iine 
joining (z,y4) and (ayo) internally in the ratio m:n are 
mx;-nx, and MYetny1 $9. (Ul) 
m+n m+n 
Case II. External division : 
Tf divides PQ externally in the ratio m:n so that 
PR: QR=m : n, we have 
from the figure, considering 


Ry) 


the two similar triangles 
PTR and QLR, 
-) PT PR 
(i) QL Qm and 
(i) DE-PRB, 
LR QR 


2- g m 
Hence, from (i) —23 2n. 
DINE 


giving m = Es — 1; 


79 —T, 
and from (ii) Y2¥1_™ 
Y— Ya n 
giving yat 

7b —7 


Hence, the coordinates of the point which divides the line 
joining (2191) and (rsy5) externally in the ratio m : 
Ix nx e IDyge ys A. (B) 

m-n m-n 


n are 


—— 


-and (ways) are =p mm an 


COORDINATES, LENGTHS oF SEGMENTS, AREAS 7 


Note: The expressions (B) can be obtained by writing—n for n in 
(A). This can be explained in the following way : 


i ke PR m 
Since QR- — EQ algebraically, therefore ROS ; hence, to got the 


coordinates of R in Case II we have only to change the sign of » in tho 
expressions already found in Case I. 

Cor. Ifm=n in Case I, Ris the middle point of PQ and 
hence the coordinates of the mid-point of the line joining (z191) 


Ehe aX, i.e., the Arithmetic mean 


a and the ordinates of the given points. 


between the absciss 
e clearly true for 


The results derived in this article ar 
rectangular as well as for oblique axes. 


D 


ual to half the sum 
dicular distance 


I-6. Area of a triangle : 

Lemma: The area of a trapezium is eq 
of the parallel sides multiplied by the perpen 
between them. 

If a and b be the leng 
DO respectively of the trapezium 
ABCD and h be the distance between 
then from the adjoining 
g the diagonal AC we 


ths of the parallel sides AB and 


these sides, 
figure, joinin 


haye 
Area ABOD — AABO+AACD 
— lah $bh 
=(a+b) h. 
To find the area ofa triangle, 


of its angular points. 
(a) Rectangular axes. 


having given the coordinates 


Let (21.91). (we, Vs), (35 Ys) 
Coy) be the coordinates of the vertices 
A, B, O of the triangle ABC. 
Draw the ordinates AK, BL, 
CM. Then 

AABC=trapezium AKMC 
LX -Etrape. CMLB— trape. AKLB 
C+LB)-% KL (KA+LB) 
(ys Hye) -4t - &3Xya tye). 


B 
voca 


M 
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Hence, on simplification, 
AABC-3[x.y, —x,y, Fx.y, xy, xy; —xiysl 


Cor. The area of the triangle OBC (one vertex is at the 
origin is 3(x,y, — xaya). 

Remark 1. The following working rule. for writing down 
the expression for the area of a triangle in terms of the 
X4 


XiY2 7 X21 may be usefully employed. 


Xa p "s Write down the coordinates 
p Xoys 7 Xaya of the vertices in a column 
and repeat the first set at 

pr IU Ij the end. Multiply across as 
X4 y indicated by the arrows and 
1 attach positive signs to the 


nd negatiye signs to those 
add up and take half the sum. 


products obtained by descending a: 
obtained by ascending. Finally, 


Remark 2. The expression for the area ofa triangle is 
positive if the vertices are taken in the counter-clockwise 
order, że., in the order in which a person supposed to travel 
round the triangle finds the area always to his left. If the 
vertices be taken in the clockwise order, the area will be 
found to be negative, so that in this case we must change the 
sign of the expression of Art. I-6, in order to get the area asa 
positive quantity as it necessarily is. 


Remark 3. The expression for the area may be written as 
Xvsys —€5)2)H-3Mvsy, —9,ys)— Hoy, —21Ye) 
So that we may interpret the result as expressing 
AABC= AOBC+ AO0CA— AOBA 
= AOBC+ A00 44- AOAB. 
(b) Oblique ames, 
With the same constructi 
ordinates AK, BL, CM not 
distances between the paralle 


[ Cor., Art. 1-6 ] 


On as before, it is found that the 
being perpendieulars to OX, the 
l sides are not KM, ML and KL, 


y. coordinates of the vertices | 
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but are equal respectively to KM sin o, ML sin? and 
KL sin, so that the expression for the area in this case 


becomes 
Sxiya—Xeyi d XsY5 —Xsya--XsYi — Xiys] Sin o. 


I-7. Area of quadrilateral or polygon : 


The area of a quadrilateral ABCD 
whose vertices taken in the counter- 
clockwiso order are A(z,uv,) B(zv,yi) 
O(wsy;),  D(r,y,) may be deduced 
from the area of a triangle either by 
joining a diagonal AC and taking the 
sum of tho areas of the triangles ABC 
and CDA or by joining O to each of the 
angular points A, B, C and D and taking 
quad. ABCD =AOBC+A00D+A0DA+ AOAB, [^ AOAB=—AOBA] 

The area will be found to be 


— Mr ya Tay) + (ras — ata) (034 — TaY) + (49a — 7394] 
In the same way we obtain the area of the polygon whese vertices 
EaxOpirbà (nyn). IF 


taken in the counter-clockwise order are (£141), (aYa) 
ABCD...K be the polygon, then regard being had to the signs of the 
areas, we have 

Poly. ABC...K- AO AB-- A0BO- A0CD +... +AOKA 

- Mya xay) (xay, =Y) tnn + (nya —xiyn]l- 

Observe that tho working rulo for writing down the expression for 
the area of the triangle also applies to the case of quadrilateral and 
polygon. H 

s are to be multiplied by sin w to get the areas 


Note: The expression: 
in oblique coordinates. 


WORKED OUT EXAMPLES 


Ex.1, Find the centre and radius of the circle circums- 
cribing the triangle whose vertices are (8,4), (7,7) and (3,9). 

Let the centre be (æ, 8) and the radius, r. Then since the 
length of the line joining the centre to each of the given points 


is equal to the radius, we have 
(a-S)(R-4yor o ae 
(a=) +8- =r mi 
(a—3)*--(6—9)* =r" ae ses (3) 
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From (1) and (2), («—8)?--(8— 4)* 2(a — 7)? --(8— 7)? 
4e, &-38+9=0 E say 
Similarly, from (2) and (3) 
2a—8—2—0 "n 5604.3. (5) 
Solving (4) and (5), we get «—3, B=4, 
Substituting these values of a and Bin any one of the rela- 
tions (1), (2) or (3) we find r?=95, .. r=5. 
Henee, the centre is at the point (3, 4) and the radius equal 
to 5. 


(4) 


Ex.2. Prove that the line joining the mád-points of amy 
two sides of a triangle is half the third side. 

Let ABO be the triangle and D, E the mid-points of AB. 
AQ respectively, 


M Alccy) 


> 


Take B as the origin, BC as the 
axis of 2 and a line through B per- 
pendieular to BO as the axis of y. 

Let BO=a, so that C is the point 
(a, 0), and let the vertex A be 


(21, y1). 


Then the points D and E are respectively 
zı t) (ae Va). 
= E AD 

Hence, Dp sten (5 -2y'- y. 

aio) n 9 39 3 

Therefore, DE=5 i.e., DE=1B0. 


Ex.3. D,E, p are the middle points of the sides BC, 
CA, AB respectively of a triangle ABO ; prove that tho point 
G which divides AD internally in the ratio 2: 1 also divides 
BE and OF in the same ratio. 

Hence prove that the medians of a triangle are concurrent 
and find the point of Concurrence. [ Draw a figure ] 

Let the vertices A, B, O be (x1, y1), (ae, Vs), (vs, Ys) res- 
peetively. Then if D be the point (X, Y,), we have 

X, —$(z. Tes) Yi —3s(vs TF ys). 


. 
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Let G be the point (2, y) ; 
Since, G divides the join of (z,, yi) and (Xi, Y,) in the 


ratio 2:1, we have 
z-2Xi Loi 23s tee) tes a cram... 
2 3 4 


+1 3 
S 2y cla 2 3(ys tys) +Y: Ei +Y tys, 
2+1 3 3 
Proceeding in the same way it can be shown that these are also 
the coordinates of the points which divide BE and CF in the 


ratio 2:1. ‘ 


Hence, the point G which lies on the median AD also lies 
on the other medians BE and CF. It therefore follows that the 
medians of a triangle are concurrent, the point of concurrence 
i.e. the centroid being 

(ete Ya tyatvs) 
3 j 3 


ys) are the vertices of the 


where (24, V1) (2 Y2) and (v5; 


triangle. 
Ex. 4. Prove that the coordinates of the in-centre of the 
), (Ta: ys) and (ts, Ys) ara 
ayı - bis t CVs 

atbt+e 
e to the vertices. 


triangle whose vertices are (a1, Yı 

ati +br, tors a 
atb+e A 

b, c are respeotively the sides opposit 

e the vertices of the 


Ay) 


where à, 
Let Altı, Yı) Blas, Vs), Oars, Ys) b 
triangle ABC. Let the bisectors of 
the angles 4, B and C meet at I. 
AT is produced to meet BC in D. 
9b pos AB; A0 7c: b. B Gays) D Cic) 


Hence, D is the point (go. actis. 
AI _ AC AI_AB 


Again, 7p OD and also 75— BD 
. AI LAO AB 9e, 
'" ID CD+BD a 
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Hence, the coordinates 2 and y of I, the in-centre are given 


by 


(bo) x e022 Fa, (+o) xls DI pag, 
= c p bu ae ore ER 
F bocca aay b+ct+a 
>o Za Ota tbtetcars - Yt bys teys 
1.0, € EP and y quce! 

EXERCISE I 


1, Find the distance between the following pairs of points : 
(i) (1, 2) and (4, 6) ; (ii) (—3,4) and (3, —4); 
(iii) (5,7) and (—7, 2); (iv) (a, —b) and (2a, b) ; 
(v) (0, 0) and (a cos a, a sin a) ; 
(vi) (a cos 0, a sin 0) and (a cos 6, a sin ¢). 
2. Prove that the triangle whose vertices are (—2, 5), (5, —2) and 
(10, 10) is isosceles. 
3. Prove that the points (—3, 5), (6, —1), (10, 5) are the vertices of 
a right-angled triangle and find the length of the hypotenuse. 
4. Find the centre and -radius of the circle circumscribing the 
triangle whose vertices are (1, 5), (7, — 13) and (17, —3) 
5. Prove that the four points (1, 5), (2, 4), (3, 1) and (—2, 6) lie on 
a circle and find the centre and radius of this circle. 
6. Prove that the points (2a, 4a), (2a, 6a) and (2a-- 3a, 5a) are the 
vertices of an equilateral triangle whose side is 2a. ( 0. U. 1952] 
7. Prove that the points (—2, 6), (1, 2), (10, 4) and (7, S) when 
joined in order form a parallelogram. 


8. Prove that the four points (— 2, 1),(—1, —3), (3, —2) and (2, 2) 
are the vertices of:a square. 

9. If the figure formed by joining the four points (a,, Bı), (aa, Ba)» 
(255 Ba) and (a4, 8,), taken in order, be a parallelogram, then prove that 

a,+a,=a,+a, and B, +B: —B.4-F B4. 

10. Find the coordinates of the point which divides ihe join of (1, 8), 
(6, 3) in the ratio 2 : 3. 

11. Find the coordinates of the point which divides (i) internally, 
(ii) externally the line joining the points (—10, 4) and (—2, —4) in the 
ratio 5 : 3, 


12. Find the coordinates of the points of trisection of the line joining 
(1, —3) and (4, 6); 
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13. Find the ratio in which the line joining the points (2, —3) andi 
(7, 5) is divided by the axis of z. 

14, Find the centroid of the triangle whose vertices are (1, 4), (5,—3) 
and (6, 8). 

15. If tho centroid of a triangle is (1, 4) and two of its vertices are 
(4,—3) and (—9, 7) find the other vertex. 

16. In any triangle ABC prove that 

AB? + AQ? 22(AD? -BD?) 

where D is the middle point of BC. 

(Hints: Take B as the origin and BC as the z-axis. ] 

17. (i) If G be the centroid of the triangle ABC prove that 

GA? + GB* -GO? =}(BO? +CA? - AB?). 

(ii) Prove that the lines joining the middle points of opposite sides 
of a quadrilateral and the line joining the middle points of its diagonals. 
meot in a point and bisect one another [C. U.] 

18, Ifthe distance of the point P whose coordinates are (v, y) from 
the point (3, 4) is equal to 5, find the relation between v and y. 

19, If tho point P(x, y) is equidistant from the two points (a, b), (b, a), 
find the relation between æ and y. 

20. Find the area of the triangle whose vertices are 

(i) (0, 0), (5, 3) (1, 9) ; 

(ii) (—2, 3), (6, 2), (4, 7) ; 

(iit) (—3,—4) (6, 3), (—1, 5) ; 

(iv) (at,?, 2at,), (ata?, 2ata), (ats ?, 2at;). 


21. Prove that the following sets of three points are in a straight 


line : 
(i) (5,—3) (9, 5) and (11, 9) ; 
(i) (—4, 4) (2, 0) and (5 -2) ; 
Gi) (0,—3) (3, 0) and (3, $)- 
(Hints: Show that the area of the triangle formed by joining the 


points is zero.] 
22, Show that the three points (4, 2), (7, 5) (9, 7) lie on a right line. 
[0. U.] 
condition that the three points whose coordinates 
(£s Ys) should be collinear is 
— Xs Ya HT Yı- VYs =0. 
des BC, CA, AB respecti- 


28, Prove that the 
are (z,, Ys)» (Cas Ya) and 
E $a — Vai t Y oUs 

24, If D, E, F are the mid-points of the si 


vely of a triangle ABO, then prove that 
AABO -4.ADEF. 
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25. Find the area of the quadrilateral, whose angular points ace 
(1, 1), (35 4)» (6,72) ( —7). [C. U.] 

26. Show that the area of the quadrilateral whose vertices, taken in 
order, are (a,0), (—5,0), (0, a), (0,—5), is zero ; (a, b>0). Explain 
the result with the help of a diagram. [C. U.] 

21. Tne coordinates of A, B, O are (0, 3) (—3, 5) and (4,—2) 
wespectively and P is the point (x, y) ; show that 


APBO z4y-2 0. U. 
ABO WT I. in 


Answers : 


1. (i) 5; (i) 10; (iii) 13 ; (iv) 2Ja* 3-02; (v) a; (vi) 2a sin DES 
3. 19. 4. (5-3); 10. 5. (-2,); 5. 10, (56). 11. (-5 —D: 
(10,—16. 12. (2,0); (3,3. 13. (3:5). 14. (4,8), 19 ($9. 
18. z?4y?—02—8y-0. 39. w=y. 20. (i) 21; (ii) 19; (iii 933; 
(iv) a3(,—1,) (£4— ,) (t, ta)» 25. 201. 


CHAPTER II 
LOCUS AND EQUATION y 
II-1. Locus: Equation to a locus: 


Hitherto we had been considering representation of isolated 
points. We now proceed to investigate a method by which an 
assemblage of points all obeying some fixed law can be 
represented. 

Locus: A locus is the path (straight or curved) described 
by a point which moves so as always to satisfy a given condition 
or conditions. 

For instance, the locus of a point which moves in a plane so 
aS always to be at a constant distance from a given point is 
a circle. Again, the locus of a point which moves so as always 
to be at a constant distance from a fixed straight line is another 
Straigth line parallel to the given straight line. 

Locus and Equation : Consider the equation 

Qu-y=4 + qe (1) 

From this equation we can get an infinite number of pairs of 

values of y and y which sa fy the equation. The following 


are some of the pairs : 
2—0 2-9 g=4 zg—-—-9 ——4 


y2—4  y-0 y-4 y--8 y--12 
Each pair of values is taken to represent the coordinates of 
a point. We thus get a number 
of points A (0,—4), B (2, 0), 
O (4, 4) etc. These points 
are now plotted on the squared 
paper and joined. 


We get a straight line which, 
we say,is the graph or the 
locus of the equation (1) and 
(1) is said to be the equation to 
the straight line AB. 
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Again, consider the equation — z?-4-y?—95 - (2) 

If we perform the same operation with this equation, we 
Shall find a circle whose centre is at the origin and radius 
equal to 5. We say that the circle is the locus of the equation 
(2), and (2) will be said to be the equation to the circle. 

We observe that— 


(1) v and y represent the coordinates of any point on the 
graph thus drawn. 


(2) If any point is taken on the graph its coordinates will be 
found to satisfy the equation ; for example, a point D on the 
graph of equation (1) is found to have coordinates 6 and 8 and 
æ=6, y=8 clearly satisfy the equation. 


(3) The coordinates of any point not on the locus do not 
satisfy the equation. 

The equation to a curve may therefore be defined as the 
algebraical relation between the coordinates z and y of any 
point on the curve and which holds for no point outside it. 

Conversely, corresponding to every equation in a and y 
there is, in general, a curve the coordinates of every point of 
which satisfy the equation. This curve is called the Locus of 
the equation. 


Note: In Coordinate Geometry the word ‘curve’ is used to mean 
a line (straight or curved) or a set of such lines satisfying given geomotri- 
cal conditions. 


When a point is capable of taking up different positions on 
a curve it is said to be a current point and its coordinates are 
said to he current coordinates. In Cartesian Coordinates, it 
is usually denoted by (v, y). The coordinates of a point fixed 
in a particular position are taken as (A, k), (a, f), (v, v^) 
(v4, Y1) ete. 


In Coordinate Geometry we shall be given the geometrical / 


condition or conditions under which a point moves and thereby 
describes a certain locus and we sball be required to find the 
equation to this locus. We shall find that this geometrical 
condition ean invariably be expressed as an algebraical relation 
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between the current coordinates of any point on the locus. 
This relation between the coordinates is the required 
equation to the locus. In dealing with locus problems, the 
following procedure is generally adopted : 

Take P(x, y) any point on the locus. Then from the 
problem ascertain the geometrical condition or conditions 
which must be satisfied by this point in order that it may be 
@ point on the locus. Now express this condition in terms of 
t and y. The relation between the coordinates x and y thus 
obtained, on simplification gives the equation to the locus 


required. r 


To avoid chances of confusion, often (h, 5) or (4, 8) etc. is 
taken to represent any point on the locus and a relation between 
these coordinates is established and finally these are substituted 
by the current coordinates z and y to give the desired equation. 


II-2. Illustrative Examples : 
A few examples to illustrate the principle of formation of 


equation to a locus are given below : 


Example 1. Find the locus of a point which moves so that 
with reference to a pair of rectangular axes, twice its abscissa 
always exceeds the ordinate by 4. 

Let (v, y) be any point on the locus. From the given 
condition, 9z exceeds y by 4, i.e., 2z 3 —4- 

This being the relation between the coordinates of any point 


on the locus is the required equation to the locus. 
(The locus of the equation is shown in the figure of Art. II-l. Take 
a few points at random on the line and verify by actual measurement that 


the condition holds for these points.] 


Example 2. Find the locus ofa point which moves so that 


its distance from the origin is always equal to its distance 


from the point (3, 0). 
Let (a, y) be any point on the locus. The distances of (v, y) 


from the origin (0, 0) and from the point (8, 0) are respectively 
Ma*--y* and N(z—3)* +7. 


Part I—2 
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Hence, from the given condition, 
Aa? y? — V(e—3)? Fy. 
Squaring and simplifying, we get 
22—-3=0 
which is the required equation to the locus. 


Example 3. A point moves so that its distance from the 
point (1, 0) is always equal to its distance from the axis of y. 
Find the equation to its locus. 


Let (a, y) be any point which satisfies the given condition. 
We then have 
J= Fy =r. 
Squaring and simplifying, we get 
y? —2z4-1—0, 
i.e., y? -92z-1. 
This being the relation between the coordinates of any point 


that satisfies the given condition, is the required equation to 
the locus. 


Example 4. Find the locus of a point which moves so that 
the sum of the squares of its distances from the points (2, 0) 
and ( — 9, 0) is always equal to 40. 


Let the given points be A(2, 0) and B(—2, 0) and let Pla, y) 
be any point on the locus. 


From the given condition, we have 
PA* -- PB? —40 
ie, — $(z-2)-v E (o2) y?) 40 
iB. 9z* +2y7+8=40 
$e, 27 +y2=16 
which is the required equation to the locus. 


{Since the distance of the point (x,y) from the origin is given by 
ol x? +y? the equation expresses the fact that the point is always at a 
distance 4 from the origin, in other words, 


; the locus’ is a circle of radius 
4 having its centre at the origin. 
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EXERCISE II 


Find the equation to the locus of a point which moves so that 

l. its distance from the x-axis is always equal to its distance from 
the y-axis ; 

2. its distance from the z-axis is always equal to m times its distance 
from the y-axis ; 

3. its distance from the y-axis always falls short of its distance from 
the z-axis by a constant quantity a ; 

4. twice its distance from the z-axis always exceeds throe times its 
distance from the y-axis by 4 ; 

5. the sum ofits distances from two fixed straight lines at right 
angles in the plane in which the point moves is always equal to a 
constant quantity k. 

[ Hints: Tako the fixed lines as axes of reference. ] 

6. A point moves in such a way tbat its distance from the point 
(2, 3) is always equal to 4. Find the locus of the point. 

7. A point moves so that its distance from the point (—2, 0) always 
equals twice its distance from the point (2, 0). Find the equation to its 


locus. L 
8. Find thelocus of a point which moves so that its distance from 
the point (a. 0) always exceeds its distance from the y-axis by a. 


9. A moving point is always equidistant from two fixed points (2, 0) 


and (6,4). Find the locus of the moving point. 
10. Find the locus of a point which moves so that its distance from 


the axis of y is double its distance from the point (2, 2). [C. U] 


11. Find the equation to the perpendicular bisector of the join of tho 


two points (1, 3) and (5, 5). 
12. Tho points 4 and B dre (—4, 0) and (—1, 0) respectively. A 
point P moves so that PA:PB-2:1. Find the locus of P, 


13. The coordinates oi two fixed points 4 and B are respectively 
(—2,4) and (6, 8). A point P moves so that the area oi the triangle PAB 


isalways 10. Find tha equation to the locus of P. 


Answers : 
1. z—y-0. 2. yemz. E y-c-a. 4. 2y—3r=4 
5. w+y=k. 6. xi +y?—4a—6y—3=0. T. 32° + 3y* — 2024 12=0. 
8. y*-4az. 9. zty-6. 10. 32? 4-4y* — 10z — 16y--32 50. 


11. 224 y — 10. 12. a3 y?-4. 13. 2y- 2-15. 


CHAPTER III 
CHANGE OF AXES 
III-l. Transformation of Coordinates. 


The coordinates of a point being its distances from the axes 
measured in proper directions will depend upon the position of 
the axes. If therefore, the point remaining fixed in position, 
the axes of reference be changed, there will be a corresponding 
change in the coordinates of the point. It also follows that 
the equation to a locus, which is an algebraical relation between 
the coordinates of a current point on the locus, will undergo 
a change with the change in the position of the axes of 
reference. 


In many problems it will be found desirable to pass from 
one set of axes to another—a process known as transformation 
of Coordinates. We have therefore to investigate formulm for 
such transformation when the axes are changed in any 
manner—by transferring the origin to a different point keeping 
the directions of the axes the same as before, or by changing 
the directions of the axes keeping the origin fixed, or by 
changing the position of the origin as wellas the directions of 
the axes. We shall, however, at this stage confine ourselves to 
the most simple case of transformation, viz. change of origin 
without a change in the directions of the axes known as 
translation or parallel displacement. 


III-2. Transfer of origin keeping the directions of the 
axes unaltered. 


To find the formule for transformation from one set of axes 
to another through a different origin, the new axes being parallel 
to the original axes, both systems being rectangular. 


Let OX, OY be a system of rectangular axes with 
reference to which the coordinates of any point P are 
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(v, y) and let O'X', O'Y' be the new axes parallel to OX, 
OY, the new origin being O' whose coordinates are (h, Lk). 
Let the coordinates of the same 
point P referred to the new 
Frey a (Gap ps DS LEAN 
parrallel to OY meeting O'X' in 
N' and produce Y'O' to mee 
OX in M. We then have 
OM=h, MO'—-k; ON=z, 
NP=y and O'N'—z', 
N'P-y. 
2=ON=OM+MN=OM+O'N =hta 
y-NP-NN--N'P- MO N'P- ky 


Hence, x-x th y-y tk 
which give the required formule for transformation. 

If therefcre, in the equation to a locus, we substitute ath 
for æ and y'+k for y we set the transformed equation to the 
eferred to the new axes, z' and y' denoting the 
on the locus with reference 
the usual convention, viz. to 
followed, the accents in a’ 


same locus r 
current coordinates of any point 
to the new axes. If however, 


denote the current point by (a, y) is 
and y' are suppressed and the transformed equation is one in 


ct and y. The Working Rule to get the trensformed equation 
in this case may thus be laid down : 
Write x--h for xand y+k for y in the equation to a 
locus, where (Jt, k) are the coordinates of the new origin. 
Remark. The above proof clearly applies to Oblique Axes 
as well and consequently We get the same formule for trars- 


fomation in this case also. 


IIIT3. Illustrative Examples. 
Example 1. Transform to parallel axes through the point 


(9,— 8) the equation 


on? Say Ay" tat 18y 95 —0. 
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The transformed equation, obtained by writing <+2 for x 
and y —3 for y is 
2[2-.9)* 3-2) — 3)H-4(y — 9)*-(z--9)4-18(y — 3)+25=0 
which, on reduction, becomes 


Qn° + Bay +4y2=1, 


Example 2, Transform the equation 
62° --4zy -3y? --8z — 2y+4=0 
by referring it to parallel axes through a 
so that the transformed equation ma 
+2Hay+ By? =1, ^ 
Also find the actual values of A, B and H. 
Let (h, k) be the new origin, 
equation is 
Beth) E (ah) F1) +9(y 4-2) +8(0-+h) 
—9(y--k)--42 0 
$e, 60° + 4ay+3y? T (33-4 9)c--9(914-31.— y 
+6h? + Ahk--3k* --8h — 95-4 —0. 
In order that this may be of the given form in which there 
is no term containing z and y, we must have 
3h+k+2=0 and 2h+3k—1=0 
whence A- —1 and k=1. 


properly chosen point, 
y be of the form Ag? 


so that the transformed 


X. The new origin is (—1, 1). 


With these values of h and k, 


the transformed equation 
becomes 


62° +4ay+-3y? —1 
which is of the given form. Comparing it with Aa? +9Hay+ 
By? =1, we find 


4=6, B=3, H=9. 


EXERCISE III 
1. Transform the fo 


llowing equations by referring to parallel axes 
through the points indi 


cated against each : 
() az+by+c=0; (-2 0) 
a 
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(ii) weosat+ysina=p; (pcos a, p sin a) 
(iii) 2?-py?4-2gz--2fyc-0; (-9, -Í ). 
(iv) 4z?-4-9y?—40z—54y--145—0; (5, 3). 
2. Find where the originis to be transferred without changing the 
directions of tne axes in order that the equation 
y!-2y—8z4:5-0 
may be transformed into the form y* =4az. 
Also find the value of a. 
3. Find where the origin is to be shifted retaining the directions of the 
axes so that the terms in z and y may be removed from the equation 
æ? —y? —2z--8y 15-0. 
Find also the transformed equation. 
.4. By transferring to parallel axes through a properly chosen point 
(h, k), prove that the following equation can be reduced to one containing 


only terms of the second degree ; 
122? — 10zy -2y? + lla—5y+2=0 [C. U.) 


Answers : 
(ii) wcosa+ysina=0; 
(iii) 2?+y? =9? +f?—-c; (iv) 4u249y?=36. 
2. (3, -1); a=2. 3. (1,4); z?—y? —0. 
4. h=—},k=—-j; the transformed equation is 
1222 — 10zy + 2y? ^0. 


l. (i) az+by=0; 
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CHAPTER IV 
THE STRAIGHT LINE 


IV-1. Equations of lines parallel to the axes : 


To find the equation to a straight line parallel to the axis 
of% at a distance k from it. 


Y Let AB be the line and P(z, y) 
any point on it. 

Then from the given condition, 
whatever be the position of the point 
X P on the line, its ordinate is always 


equal to k, so that 


y=k 
is the required equation to the line. 
Similarly, the equation to the straight line parallel to the 


axis of y at a distance h from it is given by 
x=h 


Cor. The equation to the z-axis is y=0. 
The equation to the y-axis is z—0. 


IV-2. Gradient of a straight line : 


The gradient of a straight line means the increase in the 
ordinate of a point per unit 
increase in the abscissa, as the 
point passes from one position 
to another on the straight line. 
P, P, are two points on the 
straight line AB. Draw the 
ordinates PN, P,N, and draw 
PK perpendicular to PLN. 


1: 


Tf a point is supposed to travel from P to Py, its ordinate 
inereases by the amount N. 


i if1—NP, ie, KP, and the corres- 
ponding increase in the 


I : abscissa is NN, i.e., PK, so that the 
Increase in the ordinate per unit increase in the abscissa is 
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given by the ratio LE Hence, the gradient of the line is given 
by ÉKPi, If the point passes from Pto Pe, then from the 


PK 
KP; 


figure, the gradient is I which is clearly equal to PK’ 
PLP. are similar. It is also 


since the triangles PAP: and 
lar triangles that this gradient 


clear from the properties of simi 
is the same for all points on the line. 
If the same length be taken as unit along both axes, then 


clearly 
€ 3radient = KP, =tan 0 
PK 


etween AB ard OX. 


where 0 is the angle b 
fa straight line is the same for all 


Hence, the gradient 0 
points on the line and is equal to the tangent of the angle which 
it makes with the positive direction of the axis of a. 

of a straight line makes 


e direction 


The angle 6 which’ th 
of OX is the angle through which a 


with the positive direction 
line originally parallel to the v axis must 
turn in the positive (counter-clockwise) 
sense in order to coincide with the given 
direction. Thus in the figure: the angle 9 


which AB makes with OX is ZXOB and ; 
not ZOGB. The angle @ is called the Slope cf the line. 


Cor. Two parallel straight lines having the same slope 


must have the same gradient. 
IV-3. . Equation of a st 


raight line : Different forms : 
A. Gradient form : 


B 


(i) To find the equation 
to à straight line having 
a given gradient and making 
a given intercept on the 
axis of Y. 

x Let AB be the straight 
utting the axis of y at R 


N 
dient ™ and ¢ 


line haying the given S7^ 
tercept C- 


where OR is the given in 


° 
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Let P(x, y) be any point on the line. Draw the ordinate. 
PN and draw RS Perpendicular to PN. We have then 


m-8P.NP-NS NP-OR, y-c 
RS ON ON z 


6, y=mx+c 


Which being the relation between the coordinates of any 
on the line is the required equation to the line. i 
Since m=tan 0, where 0 is the inclination of the straight 
line to the z-axis, the equation can also be written as 
y=x tan 0-c. 


point 


Cor. The equation to a straight line passing through the 
origin and having a gradient m (or making an angle @ with the 
2-axis) is, since the intercept on the axis of yin this case is. 
zero, given by 


y=mx or, y —x tan 0. 


(ii) To find the equation to a straight line having a 
gradient and passing through a given point. 
Let AB be the straight 


line haying the given 
Sradient m and passing 
through the given point 
Kiz, Yı). 

Let P (x,y) be any 
point on the line. Draw 
the ordinates KR,PN and 


draw KS perpendicular 
to PN. 


given 


r 


1 SP NP- HRK uy—uy, 
T ES =^ 
hn M NS EN D2, 
Y-yı=m(x-x,) 
is the required equation to the 


t.e. 


line. 


Example. Find the equation to the 


line through the point (l, 2) 
parallel to the line y-iz4-1. 


Clearly, the gradient of the re 


quired line is 2. Hence, the equation is 
y-22$(x—1). 
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B. Symmetrical form : 
If 0 be the slope of the line passing through the given point 


(xı, yi) then the equation of the previous article can be 
written as 
y—yı=tan 0 (z—2) 
iln ECER 


cos@  sinO' 

Now let 7 be the distance from K(w1, Yı) of any point 
P (x, y) on the line [ see figure of A (ii) ]. Then 

r cos O=KS=2-21 

and rsin@=SP=y—-Y1 
X—-Xi Y Yi—, 
cos0 sin 0 
is the equation to a line passing through the given point leya) 


and inclined at an angle 6 to the c-axis. 


so that 


Remark, This form of the equation of a straight line has 
the particular advantage of giving the coordinates v and y of 
any point on the line situated at a given distance 7 from the 
fixed point (21, y1) on the line. We have Y 


x=x,+rcos@, y=yitt sin 0. 
Find the distance from (3, 8) measured along the line 
e point where this line intersects the line 4x-+5y — 60. 
—3y+12=0 can be written as y-$zt4. 

wo have tan 0-3» whence 


Example. 
4x —3y--12-0 to th 
The equation 4% 

If 9 bo the slope of the line, 
sin 8 cos ô ain? 0+ C0870 . à 

Em D eS 


giving cos 0=% and sin 0=%- 
d distance of the point of intersection P of the lines: 


If r be the require! 
tes are given by 3+ ir and 84 £r. Since this 


from (3, 8), then its coordina! 
point lies on the line 44-5y — 00, we must have 4(3+$7)+5(8+#r) =60 
ie, G2+4r=60- 12—40, or, 3r =8. 


Hence, r-$ which gives the required distance. 


C. Intercept form : 
To find the equation 
given intercepts from the axes. 


to the straight line which cuts of 
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Let AB be the Straight line which cuts off given intercepts 
OA=a and OB=b from 
the axes of @ and y res- 
pectively and let P(z, y) .be 
any point on the line AB. 


Draw the ordinate PN. 
Then from similar 
triangles, 

NA.NP.. a—z y 
OA OB a b 


i.e., bz-F- ay — ab. 


Hence, dividing both sides by ab, we have 


which is the required equation. 


Alternative method : 


Join OP and draw PM perpendicular to OB. Then, what- 
ever may be the position of the point P on the line, we must 
have 

ABOP+ APOA=ABOA 
te. Jbz--jay-iab 


whence, 2%4"%=1, 
a b 


Note 1. The equation can be written as y= -Betb Now comparing 
a 


this equation with y=mxz-+e, we find that the gradient of the line is 
given by 


m=tan 82 -b 
Ge 
If a and b be both 


Positive, then tan 9 is negative showing that 8 is 
obtuse, 


as is clear from the figure. 

Note2. Asa,the intere 
values, theline BA becom 
80 that when a is made infi 


ept on the z-axis is given larger and larger 
es more and more nearly parallel to the z-axis, 
nitely large, the line becornes parallel to the 


z-axis and its equation becomes $-b ie. y=b which tallies with the 
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result of Art. IV-l. Similarly, for a line parallel to the y-axis, the 


equation is z—a. 


D. Perpendicular form : 

To find the equation to a straight line having given thé 
length of the perpendicular from the origin upon it and the 
angle which this perpendicular makes with the axis of x. 


Let OR be the per- 
pendicular from the y 
origin O, upon the line 
AB. 

Given OR=p and 
ZXOR=4. To find the 
equation to the line AB. 

Let P (a, y) be any 
point on the line. Draw 
the ordinate PN. Also dra 
PM perpendicular to NL. Then 

OR=O0L+LR=0L+MP 
=ON cos <+NP sin X 


ZPNM-90'- ZONL= ZNOL-X) 


w NL perpendicular to OR andi 


( Since, 
4.8.5 x cos <+y sin X —P 
which being the relation between the coordinates of any point 


d equation to the line. 


on the line is the require 
lockwise direction and p is taken 


Note 1. a is measured in the counter-c 
positive. 
form y= —cot u.® +p cosec a» 


(i) Writing the equation in the 
— —cot a=tan (9094- a) giving. 


$=—cot a, 80 that tan 8 
from the figure.» 


Note 2. 
we get, the gardien 
0 909 -- a, as is obvious 


(i) Dividing both sides by p, We have 


gcosa, y SI a..] or; Enc VET 
pseca p cosec a 


D D 
which is in the intercept form. Hence, the intercepts. on the axes are- 


p sec a and p cosec a. 
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IV-4. Straight line passing through two given points : 

Let A(z, Yı) Bes, Ya) 
be the two given points and 
let P(x, y) be any point on 
the straight line passing 
through A and B. 

Draw the ordinates AL, 
BM, PN and draw ARS 
parallel to OX meeting BM 


L N M x 
and PN in S and R respectively. 
Then from similar triangles ARP, ASB we have 


RP_AR 
SB AS 


ie, NP- LA_ON- OL 
= MB-LA OM—OL 


ie, LOY, -ZL 
Y2—Yi Xs$—X; 


which being the relation between the coordinates of any point 
on the line is the required equation to the line. 


Otherwise: The gradient of the line is /2—93. The line is 
Tatı 


therefore one having a gradient Vs —91 


and passing through 
Ta — T1 


(21,41). Hence, by A (ii), its equation is y—y1-— eas (z—2,) 
2 5 t 
4e, Yor _ c—m, 


Yo-Yr Lo By 


Cor. The line joining the origin to any given point (a,, y1) 
is Yi, 
Yı m, 
IV-5. General equation of a straight line : 
From the different forms of the equation to a straight line 
eriy 


ed in Art. IV.3 it is found that the equations are all of 
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the first degree in x and y, i.e,, squares and higher powers of c 
and y do not occur in the equations. We shall now prove that 

An equation of the first degree in x and y always represents 
:& straight line. : 

The most general form of an equation of the first degree in 
£ and y is 

Az+By+C=0 con < (1) 

where: A, B and C are constants independent of z and y. This 
equation represents some geometrical locus and we shall prove 
that this locus is a straight line. 

Let P (£1, Y1), Q (we, ye) and E (xs, Y3) be any three points 
on the locus represented by (1). 


Then we must have 


Az,d-Byic 0-0 ess 3) (2) 
Az - Bys- 0 —0 fis: BG) 
Avs, +Bys +C=0 Son (4) 
From (3) and (4), 
A c Be ENC UY (gay) M (8) 


Ya— Ys Ts— Ve CUols UsUs 
Substituting for 4, B, C from (5) in (2), we have 
(Ja — aea (zs — ya + (tats — 2sY2)=0 
i.e. mls — gala Toa — oo ToU — Tio —O. 


Hence, from Art. I-6, QAPQR=0 ie, APQR=0 which 
shows that P,Q, E must lie ona straight line. But P, Q, E 
are three points chosen anywhere on the locus of (1). Hence, 
the result might be taken to express the fact that three points 


selected anywhere on the locus must lie on a straight line. 


This proves that the locus itself is a straight line. 


Otherwise : The equation Aav+By+C=0 may be written as 


y= -4r 16, ies y=mate where 
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Buty-mz-4-crepresents a straight line having gradient m and passing 
through (o, c). Hence, the equation Ar+By+C=0 represents a straight 


line having gradient~ and passing through the point (o, -9). If 


` 
B=0, the equation reduces to Ax+0=0 i.e. x= -$ which represents & 
line parallel to the axis of y. 


IV-6. Reduction of the general equation to different 
forms : 
The general equation of a straight line is 
Ag+By+C=0 
(1) It can be written as 
A C 
Pra naa 
which is in the gradient form. 
(2) To write the equation in the intercept form we have 
Atz+By=-C 


x Yy 
-opi* —C/B 


4.6., 


Hence, the intercepts on the axes are— g and -$. 


(3) To reduce the equation to the perpendicular form 
viz, v cos &+y sin «=p et m (1). 

By multiplying both sides of an equation by a constant 
quantity we only alter its form and not the equation itself, so 
that 

kAc+kBy+k0=0 

i.e. —kAz-—kBy-kGC P 5s (2) 

is only a new form of the equation Az+By+C=0 (here C is. 


taken to be positive). We have now to find kso that (2) may 
be the same as (1). 


Hence, cos «= — kA, sin a= ep os Hn (3) 
From (3), squaring and adding 
k* AP +k’ p* —1 

giving k= 


won. M P O 
NEUEN ing the positive value. 
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Fence, the equation (2) becomes 
IEE Bye teo. («9 
JA B5 JAT-B*  JA*-pB* 
This is the reduced form of the general equation when C is 


positive. 
If however C is negative, equation (2) is written as 
kAa+kBy= —kC 
and the reduced form of the equation will be 
Av dp Bye L0 Obey 
JJ A2 -- B* JA*-E B? JJ A3-E B? 
Remembering that the perpendicular from the origin upon 


the line is always positive, we have 
p= se ORE or, pve Cae 
JA? +B" JAP +B 
according as C is positive or negative. 
The equation Ac+By+C0=0 is therefore reduced to the 


perpendicular form by dividing both sides by /A*+B* and 


arranging it so that the numerical term occurs in the right- 


hand side of the equation as a positive quantity. 


Example : If the equation of the straight line be x+y + 


by J1?+1?, i.e. by 4/3 and get qu oe which can be written as 


'2=0, we divide 


+y sin 225°=1 which is in the required 


xli ae o Uu 
WE p s d.e, œ cos 220 
form. 


IV-7. Constants in the equation of a straight line : 


nt forms of the equation to a straight line 


From the differe 
constants. The general 


en that it involves two arbitrary 
Az-- By 0-0 though apparently involves three 
nd C, in reality contains only two. This can 


it is se 
equation, viZ., 


constants A, B a 


at once be seen if the equation is written as Ae+Žy+1=0 


which is of the form la-+my+1=0 involving only two constants 


l and m. 
Now a straight line must s: 


conditions in order that its 


Part I—3 


atisfy two independent geometrical 
position may be fixed, e.g., if a 
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straight line is to pass through a given point and be parallel to 
a given straight line then its position is determined. Analytically 
these two conditions can be expressed as two equations involv- 
ing the two constants of the straight line. The two constants 
ean now be found out by solving the equations thus obtained and 
hence the equation to the straight line is uniquely determined. 


IV-8. Systems of straight lines : 

We have seen that the equation to a straight line in any of 
its forms contains only two arbitrary constants. These cons- 
tants while remaining the same for the same straight line differ 
for different straight lines and by suitably choosing them the 
equation can be made to represent any particular straight line 
desired. 

We now proceed to discuss what the equation represents 
when one of these constants has a fixed value while the other is 
capable of taking up different values. 

(1) Consider the equation 


y=mete 
Suppose m is kept fixed and c is given different values. 
Y In this case the c’s being different 
we must have different lines but. all 
< these lines having the same gradient m 
xX [e] x must be equally inclined to the z-axis. 
v Hence, the equation represents 


a system of parallel straight lines all 
inclined at an angle O to the x-axis where tan @=m. 
Suppose now c is kept fixed but m is given different values. 


In this case the m’s being different we get lines having 
different gradients, i.e, drawn in 


" H Y 
different directions but since c has a 
fixed value, ail these lines must pass e) 
through the same point on the axis of 
Vs viz., the point (o, c). fe) x 


Hence, the equation in this case 


represents a system of concurrent straight lines all passing 
through the point (o, c). 
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(2) Consider the equation 
zy 
T Y= 
a b 
Suppose a is kept fixed and b is given different values. 


Clearly for different values ofb, Y 
we have lines cutting off different 
intercepts from the y-axis but all 
these lines having the same ‘a’ cut off a > x 
the same intercept on the a-axis. 
Hence, the equation represents 
& system of congurrent straight lines all passing through the 


point (a, o). 

Similarly, 
ent values may be treated. 

(3) Consider the equation 2 cos a+y sin «=p. 

Suppose & is constant and p is given different values. 

Here, p being different, the 
lengths of the perpendiculars from 
the origin upon the lines have 
different values but all these being 
lines for which @ is constant we 
have the same line perpendicular 
be inclined at a constant 


the case of b remaining fixed and a having differ- 


so that the lines musb 


to all of them 
angle 90°-+4 to the axis of 2. 


represents a system of 


Hence, in this case the equation t 
gle 90° +a to the axis 


parallel straight lines all inclined at an an 


of x. 

Suppose again p îs 
but a is given different values. 

Here, the inclinations of the 
lines to the a-axis will be different 
for different values of & but p being 
constant all these lines must be 
equidistant from the origin and so 
the feet of the perpendiculars from 
the origin upon these lines must lie on a circle. 


Y 


kept constant 


z, 
í 
; 
, 
Y 
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Hence, in this case the equation represents a system of 


straight lines all tangents to a fixed circle having its centre at 
the origin and radius equal to p. 


WORKED OUT EXAMPLES 
Ex.1. Trace the following straight lines : 
(i) y=-5; (ii) 9z—3y—6; (ii) y-9z; 
(iv) 8z--7y--98—0. 
(i) By Art. IV-1, y— —5 isa straight line parallel to the 


z-axis and passes through a point S, on the, axis of y where 
08,7 —5. 


(ii) The equation ean be written in the form ies =1. 
The intercepts on the axes are thus 3 and —2. If then OR,—3 
and 0S,— —9, RoS must be the required line. 

(iii) The line clearly passes through the origin, since (0, 0) 
satisfies the equation. Also from the equation, when 2=2, 
y=4 and so the point P (2, 4) lies on the line. ‘The required 
line is therefore OP. 

(iv) Putting y=0, we have z— —% and putting 2—0, we 
get y— —4. The points (—2,0) and (0,—4) are therefore on 
the line. If then OR, — —Z and OS, — —4, RsS must be the 
required line. 

Ex.2. Find the equation of the straight line passing 
through the point (—3, 9) and cutting off intercepts equal im 
magnitude but opposite in sign from the ades; 
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Let the intercepts be a and —4 so that they are equal but 


of opposite signs. 


The equation of the line is then z4 —1 
i Se 


4.6.5 c—y-a xs ex (1) 
Since the line passes through the point (—3, 9), these coordi 
tion (1). 


nates must satisfy the equa 
—3-2=4, or, a@=—9. 


Hence, 

The reqd. equation is thus, on substitution in (1), 
z-4-2-5 

i.e., g-yT5270. 


re is inclined at an angle 135° to the 


Ex.3. A straight lin 
h the point (3,— 4). Find its equation. 


sses throug 


avis of x and pa: 
he line is given by 


The gradient of t 

matan 185/— -1 

The required equation is therefore 
y+4=-1 (c — 3) 

1.0., atyt1=0. 

Ex. 4. Find the equation 

through the points (5,-2) and (—8; 7). 


[ Art. IV-3. A (ii) ] 


to the straight line which passes 


The gradient of the pemen -3 ; 
on is 


.. The required equati 
y-(-2)= —4(z—5) 
ay t2)= — glz- 5) 


or, gx+8y= 29. 

Ex.5. A straight line passes through the point (—4, 9) 
and is such that the portion of it intercepted between the ames 
is divided at this point in the ratio 3:2. Find its equation. 


Let the required equation be 5 


gY 
v Y=]. 
FO 


Dm 
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The points where this line meets the axes are (a, 0) and 
(0, b). 

The point which divides the join of these two points in the 
ratio 3:2 has coordinates 


3.0+2.a 3.b+2.0 
Dra Ay Be cnn 


and 3b 


5 


5 9 
i.e., oe 


But this is the point whose coordinates are — 4 and 9, 


Ep eer MAE 
Henee, 4 5 and 9 5 
ie, & — —10 and b=15, 
©. The required equation is 
EAE TT 
= 10* 15 L 
4.6.5 3z—92y-4-30— 0. 


© 
Ex. 6. What does the equation & cos «+y sin a=5 represent 
for different values of a? 


For any given value of « the equation represents a straight 
line which is such that the length of the perpendicular from the 
origin upon it is 5 and the perpendicular makes an angle € with 
the x-axis. Hence, for different values of €, we get different 
lines but all these lines are at a distance 5 from the origin. 


The feet of the perpendiculars from the origin on the lines 
therefore lie on a circle. à 


Henee, for different values of c, the equation represents 


4 system of lines all tangents to the circle having its centre at 
the origin and radius equal to 5. 


EXERCISE IV(A) 
l. Statethe gradients o 
of points : è 
G) (1, 2) and (3,4); 
(iii) (0, —5) and (74,7); 
() (-5, 4) and (3, 4). 


f the lines passing through the following pairs 


(ii) (3, —5) and (5, 9); 
(i) (-1, —3) and (4, 6); 
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A 2. Find the angles at which the lines joining the following pairs of 
points are inclined to the axis or 4 : 
(i) (—1,5) and (2, 8 ; (ii) (0, —5) and (4, —9) ; 


(iii) (—8) —5) and (4 qv) (0) 5) and (0, —3)-: 


—5); 
following lines and also the coordinates 


3. Find the gradients of the 
of the points on the axis of y through which these lines pass : 
(ii) 3y=2-4 ; (iii) 2r+3y=9; 


G) y+3z=4; 
(iv) a+ 2y45-70; w) s+y=0. 
4. Writo down the equations to the straigh 
0 to the x-axis and intercept 6 0D. the y-axis are : 
G) 9=30°,c=15 (i) 82135907 —5 5 
do) 0-459,073, (9) p-tan-! i cet 
e axes of the following lines : 
430-0; (ii) 32-59-9720; 


t lines whose inclination 
(iii) 8-605, c=? ; 


(v 
on thi 
(it) 4z4-5y 
05 (0) 7z—5y-l- 

straight lines cutting off in 
ere 


5. Find the intercepts 
(i) 2a+3y= 6; 
(iv) 5x 9yt 13= 

to the tercepts @ 

dy respectively wh 


b=-43 


6. Find the equations 
and b from the axes of ? an 
(i) a=2,b=3; 

b= 


(ii) asi (iii) a=—-3,b=3; 


(iv) a=-%) 
7. Reduce to the perp 
[0] J3ay75; 
(iv) z4yT279- 


8. Find the lengths of 
s are: 


ndicular form the following equations : 


e 
sJ2-0; (iii) x+/8y+14=0; 


(ii) e-yt 


the perpendiculars from the origin on the 


lines whose equation 
GQ) 3a+4y-5=03 Bi 
qi) 224395479 


i) 


y the following equations : 


ght lines given b. 
(iii) 324-4y4-12-0 ; 


9. Trace the strai 
(i) s2-3; (it) on = Sy i 


(iv) sJ3-y-2=0. 


10. Find the equation to the straight 1 
Which cuts off an intercept b from the axis of z. 

11. A straight line passes through the point (-2, 3) and has a 
gradient 3 ; find its equation. Find also the intercepts cut off by the line 
from the axes. 

19.. Find the equ 
angle 45° to the axi 
and (6, 5). 

13. Find the equation to the straight line which passes through the 
point (5, 3) and cuts off equal positive intercepts from the axes. 


ine whose gradient is m and 


line which is inclined at an 


the straight 
ts the join of the points (4, 7) 


tion to 
h bisec 


soft and whic! 
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14. Find the equation to th straight line which passes through the 
point (4, —7) and makes intercepts on the axes 


G) equalin magnitude and of the same sign ; 
(ii). equal in magnitude but opposite in sign. 


15. Find the equation to the straight line which passes through the 


point (5, 6) and has intercepts on the axes equal in magnitude but oppo- 


site in sign. Find also the coordinates of the point at which the ordinate 
is double the abscissa. [C. U.] 


16. Find the equation to the straightline which passes through. the 
point (a, b) and is such that the portion of it intercept 


ed between the axes 
is bisected at this point. 


T7 YN straight line passes through the point (4, 5) and is such that 
the portion of it intercepted between the axes is divided at the point in 
the ratio 4:5. Find its equation. 

18. Find the equation to the straight line which passes through the 
point (2, 3) and is such that the sum of its intercepts on the axes is 10, 


19. Astraight line forms a right-angled triangle with the axes of 
coordinates. If the hypotenuse is 13 and the area of the triangle is 30, find 
the equation of the straight line. [0. U.] 

20. Find the equation to the straight line passing through the point 
(2, 3) and parallel to the line joining the points (4, — 7) and (—7, 4). 

21. Find the equation to the straight.line passing through the point 
(—3, 4) and parallel to the straight line y+3=0. 

22. Find the equation to the straight line which passes through the point 
P (4, 3) and is parallel to the line 5z — 12y4-7 20; also determine the length 
intercepted on this line between the point P and the straight linez4-y 294. 

23. A straight line cuts off intercepts 7 and 51 from the axes ; find its 


equation and determine the ratio in which the join of the points (—9, 5) 
and (7, 9) is divided by this line. 
24. Find the equations to the stra 
following pairs of points : 
(i) (0,0) and (3, 5); (ii) (4, —9) and (-3, 7) ; 
(Hi) (1,2) ana (7-1, -2); (v) (0, a) and (—5, 0) ; 
(©) (5, 2ar,) and (at,?, 2at,) ; (vi) (ct, £) and (eta, 2) 
ü p 


ight lines passing through the 


(vii) (a cos $,,b sin %,) and (a cos'$,, b sin $,). 

(visi) (a sec $,, b tan $1) and (a sec $4, b tan ġa). 
25. Find the equations to the sides of 

6) (0, 0), (5, —2) and (6,9) ; 

(ii) (—4,3), (7, —3) and (9, 8). 


the triangle whose vertices are 


THE STRAIGHT LINE 41 


.26. Find the equation to the straight line passing through the point 


(1, 2) and the mid-point of the join of (3, —4) and (5, — 6): 
htlines which pass through the 


97. Find the equations to the straig 
origin and trisect the porticn of the straight line 4%+3y— 1220 
intercepted between the axes. 
98. If the points (a, b)» (a^, b')s 
their join passes through the origin an: 
99. Verify that the three points (1, 
Also find the line of collinearity. 
30. What does the equation Ax+By+0=0 represent 
(i) for different values of €, A and B remaining constant ; 
(ii) for different values of A, B and C remaining constant ? 
o tangents to the circle whose centre is at 
ties of a diameter making an angle 


(a—a’, b—b’) are collinear, show that 
d that ab’ =a’b. [C. U.] 
5), (8) 14) and (—1, —4) are 
[C. U. 1957] 


collinear. 


31. Find the equations of th 
the origin and radius 2, at the exiremi 
30° with tho axis of x; 

32. Show that the distance of the point (Zo: yo) from the line az4-6y 
parallel to a line making an an, 
BELL byoc 

a cos 0-6 sin 0* 


gle 0 with the x-axis, is 


+c=0, measured 
[C. U. 1954] 


Answers = 


(iii) -3 ; (ive) $3 () 9 

2, (i 459; Q9 135°; (iii) 0; G9 Foo 

3. (Ù) —3, (0, 4) ; (i? 2,(0, —#) 5 CO —3, (0; 3); 
(iv) -5(09 -): (w) —1, (0, 0 

4. (i) aN byt 43705 (ii) wtyt5=03 

(iv) on —2yt1=05 (v) 3z-4y+1=0. ; 

(i) 3,2; (i) (iii) 3, -3; Qv) -13, 48; 


129 0) We Ha 
(iti) J 3e—y+2=0; 


3 


a 


(v) 5 3" Gà 102— 149—355 (iii) 2x—9y+6=0 ; 


6. (i 3242979; 
qo) 1023931270. 
94. sin 30° 


240927; 


(ii) x cos 135°+y sin 135? 25 ; 
(iv) # cos 225°+y sin 225° — 2, 


7. (i) 2 cos 3 —OB 
(iii) x cos 240°+y sin 


(ii) 2; (m Jis 10. y=m(x—b). 


8, (i 15 
1L a-2948-0; 
14. (i) e9t379; 
2574-16y = 180. 


12. z-y*1-20 13. zty-8. 


—8 and 4. 
15. w-y+1=0; (1, 2). 


(ii) z-y-1l. 
Z442. 17. 18. 3z42y-12-0 or, v+y=5. 
a 
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19. 122+5y=+60, 5x+12y= +60. 20. x+y=5. 21. y=4. 
22. S5%—12y+16=0 ; 13. 23. 32+4y=21;7:9. 
24. (i) 3y-5r=0 ; (ii) l6z+7y-1=0; (iii) 2%w-y=0; 


(iv) ac—byd-ab-0; (v) y(t, +t3)— 2z —2at,t, ; 
wi) yt, c(t); 
(vii) z 20s' Srt + sin fatta cos Pets ; 


iii) 9cog91—95 y, dió, _ ites, 
(viii) prn ES 2=cos Sa 


(i) 2e+5y=0, liz-y—57-0, 3x—2y=0. 


6) Go+My-9=0, 11z+2y—71=0. 52—9y+47=0, 
26, 7z--3y—13-0. 27. 


2x- 3y=0, 82—-3y=0. 29. 9z—2y--120. 
30. 


(i) A system of parallel straight lines having gradient — 7. ; 


(ii) a system of concurrent lines passing through the point 


(o) 
(°, -5 
31. V38e+y=44, 
IV-9. Angle between two given lines : 


(i) Let the equations of the given lines be 


y—mi2-c; and y— maz--c, 
and let @ be the angle bet- 
ween them. 

If 0, and 65 bethe inclina- 
tions ofthe lines to the c-axis, 


x then tan @,=m, 


and tan 0s =Ma. 
Now, from the figure, &—0,—0,. 


5 E tan 0, —tan 0 
OD mem M 


ie, tan =M m, eie 600 (1) 
mm; 
giving the angle between the two given lines. 
Note: When two lines (not at right angles) intersect, of the two: 
angles for: 


med; one is acute and the other is obtuse, 
cular problera if the expression 


acute angle between the lines a; 


Hence, in any part- 
for tana is found to be positive, a is thei 
nd if negative it is the obtuse angle. 
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(ii) If the equations of the lines be 
A,z+B,y+0,=0 
and Apt+Boy+C,=0, 
writing them in the gradient form, we have 
A 
TW = “Be and m= — 


Bs 


where m4 and mz are the respective gradients of the lines. 


Ai, As 
H cts M1—Mo __ Du 
ence, fan C=] Eom, 4441 As 
1+2 — 
B, Bs 

B, A, — A;B; Fs ak (2) 


7 -21 
ey fan Ane 
(iii) It the equations be given in the form 
c cos 4, +y sin €1—P3 
and @ cos Xa +y sin Xa =P 
X4, Xg are the angles which the perpendiculars from the origim 


to the lines make with the axis of æ. Hence, clearly 
x= (Ky —&g) or, z—(&- xs). 


IV-10. Condition of parallelism and perpendicularity 


of two lines : x 
(1) If the lines are parallel, 01 —65 
Aic Bi 


.. m;-ms DA a 


t right angles, 


(2) If the lines are a 
co, which gives 


4=90°, hence, tan <= 
=-lor, A A Bi Bs =0. 


mne 
perpendicularity may also be derived 


The condition of 


independently thus: 
From the figure of the previous article, if 


4=90°, 0,=90 0s. 


o Mo FA 1 
s. tan 0, =tan(90 +0a)= a O; 
Hence, tan 0,4. tan Q,— 1, i.b, mima — — jb 
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IV-1l. Working rule : 

The straight line Ast Boy-- C5 —0 is parallel to Aya+Biy 
+C;=0 if dee) (say) i.e., Ag=A,k, Do — B,4k. Hence, 

a B, 
the equation to a line parallel to A,2+Byy+C,=0 is Aiko 
i "OS 

EBiy 0, —0, ie., Auc Byy-- 0 —0 where C — cons 
tant). 

We, therefore, see that the equations of two parallel lines 
differ only in the constant term. 

Again, if we consider the straight lines, 


Asc Dy 0,—0 


and Bız- Aıy+0:=0 
whose gradients m, and Ma are respectively 
— 45 and Ba 
B, and ae we find 
mim, =(~42) Bs) — =i) 
“BINA, 


showing that the lines are at right angles. 


If we examine the two equations, we find that the second 
equation has been formed from the first by interchanging the 
coefficients of z and y and changing the sign of one of them 


and adding a different constant. Hence, the following working 
rule : 


(1) To write down the equation io a straight line parallel 
to a given straight line, simply change the constant term, and 


(2) to write down the equation to a straight line perpendi- 
cular to a given straight line, interchange the coefficients of œ 


and y, change the sign of one of them and add a different 
constant. 


Example. Given a Straight line whose equation is 2%+3y+4=0 ; 
any line parallel to it is 2243y4+-k=0 


; and any line perpendicular to 
it is 32—2y-- &' 20 
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IV-12. Point of intersection of two straight lines : 


Let the equations of the Straight lines be 
@,;%+b,y+c,=0 
andi Got +boy+co=0. 

Now the point of intersection of the two lines is the only 
point which lies on both the lines and therefore its coordinates 
must satisfy both the equations. 

If, therefore, («, 8) be this point of intersection, we have 

a,a+b,b+c,=0 
Gs -- 038 -- cs — 0 : 
Hence, by the rule of cross multiplication, 
a = B M 1 
bıCo—baCı C149 —C2ay - dibs —asb,' 
so that the coordinates of the required point of intersection: 


are 
— bes — bsc, and B= C185 — C38; 
aiba- agb, a4 bs —asb; 


Remark. We get finite values of the coordinates only if 


a 


440g —agb,740. If however, 4152 —a551 —0, i.e., ian then 
T$ CHR 


both the coordinates are infinitely large; but if this condition 
holds, we know from Art. IV-10(i) that the lines are parallel. 
Hence, two parallel lines must be looked upon as meeting at a 
point which is situated at an infinite distance from the origin. 


IV-13. Condition of concurrence of three lines : 


Let the equations of the lines be 


a,e+b,y+c,=0 tee ay (1) 
aaz tby te, =0 E 335 (3) 
and asv 4-033 d 03 —0 en n (3) 


Tf the three lines are concurrent, the point of intersection of 
any two of them must lie on the third. Now, the coordinates. 
of the point of intersection of (2) and (3) obtained by solving 


these equations, are 
H = —030 
bets — Oslo and Cog — C309 


Goby — Asbo Gaby — abs 
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If this point lies on (1) we must have 


Bats = dace | (ests E =0 
a | Bate bats to, Gobs — asb aen 


i6, aj(bscs—bscs)--b,(csas —Cgae)+C,(agbs —asb2)=0 
which is the required condition of concurrence of the three 
given lines, 


Another form : 
If three constants p, q, r (not zero) can be found so that 
p(a;x-Fbiy-F-c;)--a(asx-Fbsy +c2) 
+r(ayx+bsy 4-c5)—0 identically 

(i.e., the expression should vanish irrespective of the values of z 
and y, which requires that the coefficients of s and y and the 
absolute term should separately vanish) 
than the three lines must maet in a point. 

Let («, B) be the point of intersection of (2) and (3). 

Then &9&- bs -- c, — 0 J 

and as +b +c; — 0 

But plara +bıf+cı)+alasa+bab+ce)+rlasa+bsb+cs)=0 
since the expression vanishes for all values (and therefore also 
for the values « and £) of x and y. 


od Be) (UD) 


Jab o. — (asa+bs8-+ 02) —7 (asatbaf+os) 


g 
p 

2-4 x0 -2x0 from (A) 
p p 


=0: 
Hence, (a, B) is also a point on the line (1), that is, the three 
‘given lines are concurrent. 


Note : The latter form of the condition may be applied with advantage 
when the form of the equations would at once suggest the values of p, q 
and r, and in most cases these values would be ound to be each unity, 


when by simply adding the left-hand members ofthe equations the sum 
"would be found to vanish identically. 


In numerical examples, however, the student is advised to find tho 


coordinates of the point of intersection of any two ofthe lines and then 


` 
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to substitute these in the third equation to see whether or not the 


equation is satisfied. 


IV-14. Lines through the intersection of two given 
lines : 
TThe equation 
ayxtb,y+c, +A(aoxt+boy +c.) =0 soo {(.2) 
where 2 is an arbitrary constant, represents any straight line 
passing through the point of intersection of the lines 
@,x+b,yte,=0 and @ax+bay+c:=0. 
Let (a, B) be the point of intersection of the lines 
aix +bıy +c —0 and aszd-bsj-- cs — 0, so that 
gun er ahh oa can AUS) 
and det+b.B+c,=0 
Now (@,8) satisfies the equation (4) ; for on substitution 
&,€4-b4B +0, +2 (ast d-bB-- c5) 
=0+2.0 +: from (B) 


so that equation (A) represents some locus through (a, 8). 

Also the equation being one of first degree in v and y the 
locus represented by (A) is a straight line. 

Further, by properly choosing the arbitrary constant 4, the 
straight line represented by the equation (4) may be made to 


satisfy any other condition. 
Hence, the equation (A) represents any straight line through 


(a, B). 


Conversely, 
A straight line whose equation is of the form 
a,xtbiy+tei +2 (asx--bsy cs) 0 MCA) 


where 2 is an arbitrary constant, always passes through one 


fixed point whatever be the value of 2. 


[m 


Consider, aet+biyter=0 
asutbey+co=0 $4 Seu 


wo 
= 
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Since the equations do not involve 2, they represent two 
fixed lines. 

Their point of intersection is therefore a fixed point. 

Since the coordinates of this point of intersection satisfy 
equations (1) and (2) they also satisfy equation (A). 

Hence, whatever may be the value of 2 the straight line (A) 
always passes through a fixed point, viz., the point of intersec- 
tion of the two fixed lines (1) and (2). 


WORKED OUT EXAMPLES 
Ex.1. Find the equation to the straight line which passes 
through the point (—8, 4) and is 
(i) parallel to the straight line Qa@+38y+4=0 ; 
(ii) perpendicular to the straight line 224+3y+4=0. 


(i) First method : 

Any straight line parallel to 2e+3y+4=0 is given by 
Qa+3y+k=0 - e 

The line (1) passes through (—3, 4) if 
9(—3)4-3.4-F E —0 

ie, if k--—0. 


(1) 


;. The required equation is 
9z--3y — 6-0. 


[In this method we first take any line parallel to the given 
line and then choose that one of the system which passes 
through the given point. Equation (1) represents different lines 
for different values of k but all parallel to the given line. Of 
these lines there is one which also passes through the given 
point (—3, 4) and k= —6 corresponds to this particular line. ] 


Second method : 


The equation to the given line can be written in the form 


pi Dated i : 
ae 3t 3 ; d sie (1) 
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The gradient of the line is &herefore— $. Any line passing 


through the point (—3, 4) is given by 
y -4-m(z-4 3). Ux Be (2) 
The line (2) is parallel to (1) if m= —$. 
Hence, the required equation is 
y—4= —Hat+8) 

ie, %+38y—6=0. 

[ In this method we first take any line passing through the 
given point and then choose that one of the system which is 
parallel to the given line. Equation (2) represents different lines 
for different values of m but all passing through the point 


(—3, 4). Of these lines there is one which is also parallel to 
the given line and m= —2 corresponds to this particular line. ] 


Third method : 
Let the equation to the required line be 
y-7mz-c. (1) 
Since (1) passes through (—3, 4) we have 
=—3m+c . cP (2) 
Also the line (1) being parallel to 
2Qa+8y+4=0 
$e, to y= —$z—5, we must have 
(3) 


m--3. 
Y, we get c—2. 


Hence, from (2) and (3 
(1), the required equation 


On substitution for m and c in 
to the line is found to be 

y= set? 

9z4-3y—6- 0. 
ethod we assume the equation of the required line 
nts of the equation from the given 


1.6. 


[In this m 
and then find the consta 


conditions. ] 
(i) Any li 
3c —2y--k—0 


ne perpendicular to 9z4-3y-4—0 is given by 


en (1) 


I—4 
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The line (1) passes through (—3, 4) if 
3(-3)-2.4+%=0 
i.l. if k=17. 


The required equation is therefore 
8a —2Qy+17=0. 


Ex. 2. Find the value of k for which the three lines 
9x—B8yth=0, 3c—4y—1-20 and 4a—5y—-2=0 may be 
concurrent. 

Solving the equations 

3z—4y—1-0 
and 40—5y-2=0 


we get 2—3 and y=2, which are therefore the coordinates 
of the point of intersection of these lines. If the three given | 
lines are concurrent, the point (3, 2) must lie on the line 
9: —38y+k=0, which requires 
2X3-3X2+k=0 
bles k=0 
which gives the required value. 


Ex. 3. Prove that the perpendicular bisectors of the sides 
of any triangle are concurrent. 


Let A(z,, Y1) Blwe, Y2) and Clas, ys) be the vertices of the 
triangle. i 


If D be the mid-point of BO, then its coordinates are 
Lo tTa ind Vos 
2 2 


Also the gradient of the line BC is-U2 — 93, 
f.—m5 
Hence, the equation to the line through D perpendieular to 
BC is 


-Hets EE TRE 7) 


y = x 
2 Ya-Ys' 
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[ since the gradient m of this line is given by 


Vey A moe 
mx s=] ie, muera] 
E27 Ts Y2—Ys 


which reduces to 
9a(zs —25)-- WY — 5) - (4^ 25?) (2^ — 157) -0...(1) 
Similarly, the lines through the mid-points of CA and AB 

perpendiculars respectively to these sides are 

9a(z5 —24)- (Us —yi)- (255-2, *)—-(ys?-91?)70 

9a(v, —ay)+2u(ys —ys)- (24? —es?)-(yi* —ye")=0 


(2) 
(3) 
The left-hand members of the equations (1), (2) and (3) 


when added together vanish identically (7.e., we choose p=q=r 
=] in Art. IV-13). Hence, the three lines are concurrent. 


Ex. 4. Find the equation of the straight line passing through 


the origin and through the point of intersection of the lines 


a,0+b,y+c,=0 and Gout they tes — 0. 
Any line through the intersection of the two 
a424-03y tc: +2(agetbaytes)=0 
The line (1) passes through the origin (0, 0) 
@,.0+b,.0+¢1 4+2'de.0+b2.0+¢2)=0 


given lines is 
(1) 
if 


$0. if i-e 


.. Substituting for 4 in (1), the required equation is 
az bares 7 ase t bey ten) =0. 
ie, cs (027-049) - calas bt) - 0. 
b in the equation azdbydc-0 vary 


ı that a+b is constant, prove that the 
tion always passes through a fixed 


Ex, 5. If a and 
subject to the condition 
line represented by the equa 
point. 

Let a+b=k (constant) 


so that | b-kh-a 
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The equation az-+by+c=0 can be written as 
ac-(k—a)y4-c—0 
ien a(z—y)+ky+c=0 


ien (c-1) +4(v+ 5) -o 


which, for different values of a, represents different lines but 
all passing through a fixed point, viz., the point of intersection 
of the two fixed straight lines 


a—-y=0 and ute =0 (Art, IV-14) 
ie, the fixed point [-5-5) 


Ex. 6. Find the equations to the straight lines which pass 
through the point (h, k) and make angles $ with the straight 
line ax+by+c=0. 


Let @ be the angle which the line ax+by+c=0 makes with 
the z-axis, so that 


tan Ó0—gradient of the line = 355 x P (hf 


If & and Ê be the angles which 
the required lines make with the 
a-axis, then the equations are 

y —k-tan a(z — h) seo (G)) 
and y—k=tan f(z — h) 2:12) 
Now from the figure 


—Fttan $ 


$ 
tan «&—tan (Dicas Doe paa = 
1—tan 6 tan $ 14+tan $ 
_ tan $—a 
a tan ¢+b 
tan P=tan {(x-¢$)+0}=tan (14-0 — $)— tan (0— 9) 
—2_tan ¢ 
Sevan (PNE) _b tan ġ+a 


— 1+tan 6 Cung eh ae = 
n 0 tan $ 1-5 tan $ a tan $—b 
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Hence, the required equations are 


b tan $46 (437) 


and y—k-— 
a tan $—5b 


x 
Bee oa Pim or 0, there will be two such straight 


lines satisfying the given conditions. j 


EXERCISE IV(B) 


1. Find the angles between the following pairs of straight lines : 


(i) J 8a-y=0 and 2—J 3y+3=0; 
(ii) y=xt+2 and y=2; 
(iii) 3z—4j45-0 and z4-7y -9-0 ; 
(iv) 4x —Ty+3=0 and 14a+8y+5=0; , 
(v) 5ry-y*1-0 and z—3y4 240. 


2, Find the angle between the lines 


(i) wos 15?—y sin 1 
_ v sin 105°+y cos 1059-520. 
(ii) «cos 25°+y sin 95°—7=0, and 
x sin 25°+y cos 25°+7=0. 
3. Prove that the lines 4n+6y+5=0 and 6x+9y—7=0 are parallel 
7=0 and 82+6y—9=0 are at right 


5°+5=0, and 


4, Prove that the lines 3a—4y + 
angles. : 


5. Prove analyt: 
of a triangle is para 


ically that the line joining the middle points of any 
two sides llel to the third side. X 
n to the straight line passing through the 


6. Write down the equatio! 


origin and 
(2) parallel to the line le+my+n=05 
(à) perpendicular to the line lz4-myd n0. 


uation to the straight line 


7, Find the eq 
point (5; — 3) and is parallel to the 


(i) which passes through the 


line 7a+9y— 1120 ; 
(i) which passes through the point (—4, 7) and is perpendicular 


to the line br—1y4279 ; 
(iii) which passes through the point (2, 


the line joining the points (3, -4 and (—5, 6). 


3) and is perpendicular to 
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8. Find the equation to the straight line passing through the point 
(e,, Yı) and 
(i) parallel to the straight line /z4- my+n=0; 
(ii) perpendicular to the straight line lx+ my 4- n — 0. 
9. Find the equation of the straight line which passes through (a, yi) 


and is perpendicular to the join of z,, y4) and (x3, y;)- [C.U.] 
10. Derive the Cartesian equation of the perpendicular bisector cH the 
line joining the two points (z,, Y1) and (xq) Ya). [ C. U. 1956 ]. 


lL Find the coordinates of tho points of intersection of the following 
pairs of straight lines : 


(ü 2z—3y-c11-0 and 3z—4y413-0, 
(ii) 7z--2y-0 and 5z+8y+23=0, 
(iii) gom, 2 and y2m,z4. ^ 1 


1 My 


Gv) 24¥21 and 74% 1, [C.U.] 
a b b a 


12. Show that the area of the triangle formed by the straight lines 
whose equations are 


y-m,zte,y-m,zc,andz-0 


is l(e-ev, 


[ 0. U. 1955] 
2m,—m, 


13. Prove that the area of the triangle formed by the straight lines 
whose equations are 


yom,re,, y—mzdc, and y=m, 1+0, 
t 1 ffe, =)? to, - c)? , (e, —64)"). 
2Un,-m, 'm,-m, m,—m, § 
M. Verify that the three lines y=2, y- J 3z=5, V4 32-4 form an 
equilateral triangle. Further compute the area of this triangle. 


( €. U. 1957] 
18. Show that the lines 


(a+b) a+(a—b) y—2ab=0, 
(a — b) x+(a+b) y—2ab=0 and z4y-20 


s a a 
form an isosceles triangle whose vertical ar gle is 2 tan-? 


Determine the coordinates of its centroid. ( €. U.] 
16. Find the coordinates of the foot of the perpendicular 
G) from the point (2, 3) on the line z+y—11=0; [OUS] 
(ii) irom the point (a, B) on the line Az 4- By-- C —0. 
17. Prove that the following sets of three lines are concurrent and 
find the 


respective points of concurrence : 
© 4z-3y-31—0, Tx—5y—56=0, 1la—9y~80=0, 
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(i) 9z—3y—5-0, 10z+18y+19=0, 14z—12y-23-0; 
ug 2a Y £y 

di T, Y=1, -4+2= -—- 

(iii) aa 11 = lz-y; 

(iv) az-c(btoy-P 


18. Find the value of k for which the three lines 
Tæ—lly+3=0, 4¢+3y—9=0 and 13z--ky—48-0 


bz--(cta)y-7?, cz+ (a+b) y -P- 


are concurrent. 


19. Verify that the threo lines 
z-y-1-0, z--2y4 06-0 and 2zty— 1-20 
hat this point is equidistant from the 


on point and t 
[0. U. 1956] 


pass through a comm! 
3, —2) and (1,—6). 


three points (5, —4), ( 
n=0; prove that the three lines given by the 


90. Given l+m+ 
and nr+ly+m=0 are concurrent. 


equations lx+my+n=0, mz+ny+l=0 
21. In any triangle, 
(i) the medians are concurrent, 
(ii) the perpendiculars from the vertices on the opposite sidos are 


concurrent. 


prove that 


22. Find tbe ortho-centre of the triangle 


(i) whose sides are 


æ-y+l=0, 3z4y—-1770 and z45y4- 13-0 ; 


(ii) whose vertices are 
(1, 5) (T> 2) and (4, 9). 


ho-centre of the triangle formed by the straight 


23. Show that the ort 


lines whose equations are 

a a a 
=m,%x+—, y=™ e+ and yam tt. 
y=my Taw y s y aT ms 


f Tul. Lud 1 } 

i = file e A cera) Sh 

is the point { a, a on Wu 5i m am) 

| 24, For all values of the parameter `, prove that the line 5e+y—11 
| —AQu- Uy 4.3) =0 goes through a certain fied point and determine its 
coordinates. [ €. U. 1950 } 


25. Prove that the lines 
az buy Fei =O a42-Eb,y t c2 70 


qa. e (pb. +gba)y + (pes +c.) 70 

and find ths coordinates of this point. 
he straight line passing through 

int of intersection of the lines 


and (paic 
pass through 8 common point 
26, Find the equation to t 


(i) the origin and the po 
5a—9y+20=0 and 3z47y410-70 ; 
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(i) the point(—4, 7) and the point of intersection of the lines 
3x+4y—5=0 and 4e—5y+7=0; 
(îi) the intersection of the lines 
7x+18y—11=0 and 5z—9y--1320 
and tne intersection of the lines 
2z—5y —25—0 and 7z4-3y —26 — 0, 


27. Find the equation of the line passirg through the point (3, 2) and 


the intersection of the lines 32+y—-5=0and2+5y+3=0. Findalso the 
area of the triangle cut off from the coordinate axes by tho line. 


to. U.] 
28. Find the equation of the straight lino 


(i) passing through the intersection of the lines t23-4y4-9 20 and 
5a+y—12=0, and parallel to the line 2r—3y 5-20; 


(ii) passing through the intersection of the lines 22—8y+4=0 and 
3z--4y 5-0, and perpendicular to the line (a —Ty+8=0. 
[0. U.] 


29. Find the equation to the Straight line which passes through tho 
intersection of the lines 52—6y+7=0 and 3x 


+7y—9=0 and cuts off equal 
intercepts from the axes. 


30. Find the equation to the straight line passing through the point 
of intersection of the lines a,2-+b iy- c, =0 and a,&+b,y +c, =0, and 
(i) parallel to the z-axis ; 
(i) parallel to the y-axis. 


31. Find the equation of the straight line which passes through the 
point of intersection of two given straight lines az by--c-0 and 
2/2:--b'y--c' =0 and through a given point (h, k). [€. U.] 


32. Find the equation tothe strai 


ght line passing through the 
intersection of the lines aG,x-cb.y-4c, 


=9 and a,x+b,y+c,=0 and 
G) parallel to the line a,2+b,y+c,=0; 
(i) perpendicular to the line a,%+b,y+c,=0. 
33. A straight line moves so that the sumof the reciprocals of its 


intercepts on the axes is constant. 


Show that it passes through a fixed 
point. 


(oO. U.] 


34. Ifilz--my--n—0, where l, m, n are not constants, is the equation 


ofa variable Straight line ard l,m, n are connected by the relation 


al+bm+cen=0, where a, b, c aro constants, show that the variable line 
passes through a fixed point, [ C. U. 1953] 


35. Prove that the diagonals of the parallelogram forrned by the four 


Straight lines 


| 


| 
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A324 y 205 J3yt 2-0» J3e+y=land J3ytz=1 are at right angles 
[ C. U. 1953] 


to one another. 
36. Prove that th 
straight lines 


v, Yy mu we, ,Y_9 Ti E 
24921, 24251, -+ /—-29 and ~+== 2 
a b b a b ba 


e diagonals of the parallelogram formed by the four 


are at right angles to 


[C.U.] 


one nnother. 
ddle pointsofthe three diagonals of the 


37. Find the coordinates of the mi: 
complete quadrilateral formed by the lines x=0) y=0, Hum 1 and nr 
are collinear. [0. U.] 


38. Find the equations to the straight lines which pass through the 


point (3, 2) and are inclined at an angle 45? to the straight line z—2y 4. 
39. Find the equations of the straight lines passing through the point 
(7, 9) and inclined at an angle 60° to the straight line z— J/ 3y— 24320. 


=1, and show thav these three points 


Answers : 
«aay 452» Ge 90°, (0) ten t 2.09055 
(di) mz- ly 0. 7. (i) "z49y—-8-20; 
4720. 8. (i) L(e-2)-m(y-9) 70; 
9. (z—21)(24 23) (y - Ya)(Ya-Ys) =0- 


a 1 1 
,a(— ; 
m,m, cuv IE 


1, (i 309; (ii) 459 ; 
(ii) 90°. 6. (i) lx my 79 5 
(ii) Ter5y-7-05 (9) az-5y 
(ii) m(z—2,) Iy- y= 

10. 2ælæ,—ta)+2yY: 


(ii) (72 5 


1. (i) (5 7) 5 
b b : 
^ b. ab 4 349 15 16. (i) (5, 6) ; 
(iv) Ge ER) Le G 3 
—pB«)- BC1. EMT 
(B(Bs 4p) -40 ABI ] 17. G) 03 7); 


(i) )——À;jd3.B: 
i CR ee ab av j (iv) (ew. ) 
tii (Q.-95 (i) (oare a+b+ca+b+c)° 
22. (i) (3+ 005 (ii) $5 iD- 24. (2,1). 


18. b=26. 

D. b.c, bae 218a 2) « 96. (i) #+28y=0 5 (ii) 16-11-1370 ; 
- (Dicas aite cn Tree 
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IV-15. Position of points in relation to a given line: 


Let the equation to the given line PQ be Av-+By+C=0, 
and let E (z,, y1) and S (z2, Y2) be two given points. 


(it) 


Suppose RS joined meets PQ in L where EL m, 
In fig. (i 


n 
) where R and Sare situated on opposite sides of 
PQ, the point L divides the join internally in the ratio m : n. 


Milo d- mary 


Its coordinates are therefore V Woot a 
m+n m+n 
Since this point lies on PQ, we have 
AE ona, mls M3 6g 
m+n hi m+n 

which gives 

Ae, +By,+C_ m be, (1) 

Azs-F Bys +C n 


In fig. (ii) where R and S are situated on the same side of 
PQ, the point L divides the join externally 


in the ratio m : n. 
Its coordinates are therefore 


MEo— mnc. and M2 -n9 


m-n m —n 
and we easily have on substitution 
Avi +By,+C _ 


LIÉ" - (2) 
Azs-- By, +C RU ( 


Hn H C i 
Since, ?* iti iv io 4t + By + is. 
ince £i 18 à positive quantity, the ratio Av,+By,+C 
negative in (1) and positive in (2). 
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Hence, clearly, Azı + By +0 and Ata +Bya +0 must have 


opposite signs in the first case and same signsin the second, 


We therefore conclude— 

The points (23, Ya) and (ta, Ys) are on the same side of the 
line Aa+By+C=0 if the expressions Axı +Byı +C and 
Ata +Bya +0 have the same signs, and they are on opposite sides 
if the corresponding expressions have opposite signs. 

On substitution of the coordinates of the origin (0, 0) the 
s 4.04-B.04-C, t.e., C. Hence, the point 
side of the line in which the origin 
he same sign as C and it lies on 
+C has a sign opposite to that 


expression become 
(z,,y,) lies on the same 
lies if Av, +Byi +C has t 
the other side if Av, +By1 
of C. 


IV-16. Length of the perpendicular from a point to- 
a line: ; 
(1) Det the equation of the given line AB be taken in the 
form z cos &-U sin =p 
where p is the length of the perpendicular OR from O on AB: 


l XOR=¢. 
SERIO GNU Let d be the length of 
the perpendicular PT' from 
P (£1, y1) to the line AB. 
Draw through P a line 
parallel to AB to meet OF 
produced in S. 
Since, OS=OR+RS 
=ptd, and ZXOS-« 


line PS is 


the equation to the iy 


m cos t V 
Now point P (as, Ys) lies on this line. 
Hence Zz COS atys Sin a=ptd. 
e " i 
sin ¢-P. 


d-x, cos adyi 
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Otherwise: Draw the ordinate PN and draw NL perpendi- 
cular to OS and PM perpendicular to 
NL. 


We have 
d=PT=RS 
—OL-LS-OR 
=ONcos¢+NPsinx-OR © 
$6, d=2, cos @+y, sina—p, 


(2) It the equation of the line AB be Az-- By-- 0 —0 where 
C is positive, then dividing by AA? FB? and arranging the 
terms as in Art. I V-6(3), the equation ean be written as 
A 


B [o 
JA X BU Jat Be NIFA 
which is in the perpendicular form. 


Now proceeding as in (1), we obtain 


TER: EH ao 
(0 Jat pU JEFE gee 
— _Av,+By,+0 

NAP +B? 


Hence, the length of the perpendicular from (2, Yı) on the 
line Az - By--0 —0 is 
Ax, +Byi+C 
A?+B* 


if we neglect the sign. 


The length of the perpendicular from a point upon a line is 
therefore obtained by substituting the coordinates of the point 


an the left-hand member of the equation and dividing the expre- 
ssion by the square root of the sum of the squares of the co- 
efficients of x and y. 


IV-17 Sign of the perpendicular : 


When we are concerned only with the length of the perpendi- 


cular we can ignore its sign. But there are cases where the 
sign is to be taken into account. 
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To fix the correct sign to the expression for the length of 
the perpendieular we adopt. the convention that the perpendi- 
cular from the origin on a line is always positive- 

It Ax-+By-+C=0 be the equation to the given line then the 
perpendicular from the origin O upon the line is positive. Also 
the perpendicular from a point P (zi, Y1) situated on the line 
itself, for which Av,+ByitC=0, upon the line, is zero. 
Hence, we must expect that if the point crosses the line the 


perpendicular changes sign. We thus have perpendiculars from 


all points on the origin side of the line positive and those from 
the other side negative. 
Consider the equation Az+By+C=0. The perpendicular 
AO+B0+C _ e 


from the origin on this line is -Jap = FB 
Since, according to our convention this must be positive, the 


correct expression for the perpendicular is UNIES if C is 
[9] 


——— — it C is negative. 


positive and— NFLES 


Hence, if C is positive, the perpendieular from (xas V3) 


Aa Bu (m order that the perpendicular from the 
origin may be positive) if (v1: ya) 
Ası FBUi EC y (wz, Ui) is a point on the 


of the line and— — 7 72 B# 


is a point on the origin side 


other side. 
Iv-18. Lines bis 


lines : ; 
Let the equations of the given lines AB and AC be 


ayutbiy+e1=0 
ast bay tcs 70 
ations are SO written 


ecting the angles between two given 


and 
where the equ 


positive. ` 
Let the bisectors of the angles between the lines be AL and 


AM and let Plh, k) be any point on either of them. 


that c, and Ce are both 


L4 
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It PR and PS be drawn perpendiculars on AB and AC 
respectively, then evidently these perpendiculars must be equal 
in magnitude. 


Now, if P lies on AL the bisector of the angle in which the 
origin lies, the point P and the origin are on the same side of 
both AB and AC and hence, the perpendiculars are both 
positive, so that 


ayhtbik+e, aohtbek+co c(t) 


Nai’ +b? Nas +b," 

(if P lies on LA produced, then P and O are on opposite sides 
of both AB and AC so that both the perpendiculars are negative 
and hence the relation (1) still holds). 

Again, if P lies on AM the other bisector, the points P and 
‘O are on the same side of one of the lines and on opposite sides 
of the other and hence the perpendieulars are of opposite signs, 
So that 

ah bike, Gsh-- bak 4-4 
Va, S ppra ot eua pp or E) 


: Hence, the required locus of P, i.e., the pair of bisectors are 
given by the equations 


aixtbiyte, | agx+bey+c, 

Nabi? STET 
for, (i) being equations of the first degree in v and y they 
mepresent straight lines, and (di) the point (h, k) lies on them, 
which is obvious from the relations (1) and (2), 


` 
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Remark : When the equations are so written that cı and c 
are both positive (or both negative) the positive sign eae 
ponds to the bisector of the angle in which the origin lies 


WORKED OUT EXAMPLES 


Ex.1, A line moves so that the algebraic sum of the 
it from the three vertices of 


perpendicular distances upon 
Show ihat the line always passes 


a triangle is always zero. 


through the centroid of the triangle. 
Let x cos a +y sin &—p 70 (1) be the equation to the 


variable line and (zi; yi) (as Yo) and (zs; Ys) be the vertices 
of the triangle. 


From the given condition, 
(x, cos a- y, sin €^? 


we have 

)--(t cos &-- ys sin a—p) 
+(xy cos a+ys sin «—p)—0 
) cos a-E(ys a 12) sin a —3p— 0, 


d.e (21-99 s 
yictUs t Ussip a—p=0 
? ; 


ien eni cos a+ 


in a—p=0 (2) 

of the triangle whose vertices are 
). [Worked out example 3, chap. I] 
he point (z, 7) lies on the line 


i.e., & cos A+7 8 
where (2, 7) is the centroid 
(tz, yi) (za; Ya) and (zs; Ys 

The relation (2) shows that t 
(1), which proves the proposition. 


Ex. 2. Find the equations to the straight lines which bisect 


the angles between the lines 
on-+3y+4=9 and ga—4y—5=0. 


Writing the equations 80 that the numerical terms in both 
‘ons to the lines are 


are positive the equation 
20+ gy+470 
and po tiy 570. » 
The bisector of the angle in which the origin lies, is there- 
f H 
ore given by ont 3ut4 —62--4y t5. 


ERE are 
IUE, J63-4* 
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m 9z--3y-F4 . —6z-F4y--5 
Y A13 2 J13 
de, —9(9md-3y--4)— —62--4y +5, 
ien 10e+2y+3=0. 
The equation to the other bisector is 
Qe+3y+4 —— —ba+4y+5 
J9-x3*  —Je*r4* 
ie,  9(9z--3y--4)-— 6x — 4y — 5, 
4e, 2—-10y—18=0. 
[ Note that the pair of bisectors obtained are at right angles 
as they must necessarily be. ] 


EXERCISE IV(C) 


1. In each of the following cases find whether the given point P is on 
the same or opposite sides of the given line L as the origin : 


(i) P@,3), Lz4z-5y49-0; 
(ii) P(—14) L23z4y-2-0; 
(iii) P(—3,—5), L=x—2y-5=0; 
(iv) P(0,7), L=5x2—9y+47=0 ; 
(v) P(2,—2), L=3x+4y+5=0. 


2. In each of the following cases fiad whether the given points P and 
Q lie on the samo side or on opposite sides of the given line L : 
(i) P(2,3), Q(-5,-2), Us4de—5y+9=0; 
(ii) P(-1,4), Q(2,—5), Lz3zty-2-20; 
(iii) P(5,4) Q(4,—1) L=2x—3y+4=0; 
(v) P(1,1), Q(5,—3), Lz3z44y—-5-20; 
(v) P(0,—-3), Q(—4,1), L=6x+7y+13=0. 
8. The vertices of a triangle/are (4, 5), (—4, 3) and (— 1, —3). Prove» 
without plotting, that the origin is situated inside the triangle. 
4. Find the length of the perpendicular 
(i) from the origin on the line 3z--4y4-5—0 ; 
(ii) from the point (3, 1) on the line 52—12y--1-20; 


(i) from the point (2, —3) on the line lóz—8y—-320; 
(iv) from the point (1, — 1) on the line 2z cos 4594- y sin 459+ J 2=0; 
w) 


from the point (3, 2) on the line z sin 309 4-y cos 30°=2, 
5. How far is the line h (e+h)+k(y+k)=0 from the origin ? 
[C. U. 
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6. Ifp and p’ be the perpendicular from the origin upon the lines 
æ sin @+y cos o=% sin 20, 


and æ cos 0—y sin 0—a cos 26, 
prove that 4p? 4-p'? —a?. [C. U.] 
7. What are the points on the axis of x whose perpendicular 


distance from the straight line 
CRUS 
a isa? [ €. U. 1951] 


8. Find the equations of the two-straight lines drawn through the 


point (0, a), on which the perpendiculars let fall from the point (2a, 2a) 


are each of length a. [ €. U. 1953] 


9. Express the condition that the perpendicular dropped from the 


point (3, — 2) on tho line lz-+my+n=0 may be of constant length 5. 
[ C. U. 1956 ] 


10. Find the distance between the two parallel lines : 
(i) 15a—8y+3=0 and 15z—8y4-20—0 ; 
(i) 3a-+4y—15=0 and 0z-F8y-- 15 —0. 

11. Find the equations to the straight lines bisecting the angles 
between the following pairs of straight lines, stating which of them 
bisects the angle in which the origin lies : 

(i) 3z—4y4 7-0, 7x+24y+5=0 ; 
(ii) 2y=32-1, 3y22z41; 
(iii) 4a+3y+2=0, 5z—12y—1-0. 

12. Find the equations of the straight lines passing through the foot 
om the point (h, k) upon the straight lino Az 4- By + 
ular and tho straight 


[C. U.] 


of the perpendicular fr 
O=0 and bisecting the angle between the perpendie 


line, 


13. In any triangle, prove that 
(i) the three internal bisectors are concurrent ; 


(ii) the external bisectors of two angles and the internal bisector 
of the third angle are concurrent. 


[ Hints: Tako tho origin inside the triangle and the equations to the 
sides z cos a;-- y sin dr=Pr (r=1, 2,3). ] 
14, Find the internal bisectors of the angles of the triangle whose 


sides are 2—0, y=0 and 3a--4y 12-0. [CU 


15. Show that thé perpendiculars let fall from any point of the 
9y+10=0 upon the two straight lines 3%+4y=5 and 


straight line 7z— 
[ €. U. 1952] 


12v+5y=7 are equal to each other. 
I—5 
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Answers : 


1. (i) same; (ii) same ;, (iii) opposite ; (iv) opposite ; (v) same. 
2. (i) opposite; (ii) same; (iii) same; (iv) opposite; (v) same. 


4. ()1; (is € 3; 6) 3s (9) 43-4. 


b- AER T. f (o£ 7-452), 0 ]- 8. y=a, 4z—3y-t 34-0. 
9.(31-2m--m)* -25(?--m*). — 10. (È) l; (i) 4i. 
11. (i) 4z—229--15—0 and 11z4-2y--20—0, 4x -229--15—0 ; 
(ii) z—yz0andz4y-2-0,2—y-0; 
(ii) 11z—3y--3—0 and 27-4-99y--31—0, 11z—3y4-3—0. 
12. B(s-h)— A(y —1) =+(Ax+ By-- 0). 
14. w=y, z--3y—4—0, 2z--y 3-0. 


IV-19. Locus Problems : 


Problem 1. A variable line passes through a fixed point 


(vi, wi) and meets the axes im A and B. If the rectangle 
OAPB is completed, find the locus of P. 


Let the coordinates of P any point on the locus be (h, k). 
Then OA=h and OB=AP=k 
P The equation to the line AB is 
then 2 49-1. 

h ok 


For all positions of P, this line 
*» must pass through the fixed point 
(tas Yı). 


^ 


Hence, 714%], 
hin k 


Js (h, k) satisfies the equation 


gil EES | 
dy 


which is therefore the required equation to the locus. 


Problem 2. 4 line moves so that the sum of the intercepts 
made by it on the ames is always constant. Find the locus of , 


the middle point of the portion of the line intercepted between 
the axes. 
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Ist AB be one position of the variable line and P (h, ie its 


middle point. Clearly OA=2h and 
OB=2hk. From the given condition, 


we have 
91,--9k — constante 91. (say) 


$e, h+k=l 
4 (h, Æ) lies on the locus given by 
aty=l 
which is a straight line. 


Problem 3. The base of a triangle is fixed. Find the locus 


of the vertex, when it moves so that the vertical angle is 


always constant. 
Let AB be the fixed base of length 2a and let @ be the 


constant vertical angle. 
We choose O, the middle point of AB as origin, OB the 


a line through O perpendicular to AB as the 


axis of c and 
axis of y. 


We have clearly OA=OB 
=a, so that the points 4 and B 
are respectively (—a, 0) and (a,0) 

Let P (x, y) be any point 
on the locus. If then 0, and 0, 
are the angles which AP and BP 
make with the z-axis, we have 


«=6,-0, 
.. tan 0, —tan 64 
s tan &—tan (05 —061)— TREAD Raat 
where tan 0, — gradient of AP= iar 
and tan 0, =gradient of BP= a 
k y 0 
z—a sta _ 9ay 
Henee tan a= a ty a 
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it z^ +y? — a? —9ay cot a, 

or, z? +y? —2ay cot a—a? —0 
which being the relation between the coordinates of any point 
on the locus is the required equation to the locus. 


se 
EXERCISE IV (D) 


1. From any point P on the line AB which cuts off equal intercepts 
2a from the axes perpendiculars PR and PS are drawn on the axes. Find: 
the locus of the middle point of RS. 

2. A variable line passes through a fixed point (a, 8) and meets the 
axesin A and B. Find the locus of the mid-point of AB. 

3. A straight-line AB of constant length J slides between two 
rectangular axes OX and OY. If the rectangle OAPB is completed, 
find the locus of P. 

4. A variable line passes through the fixed point (a, B). Find the 
locus of the foot of the perpendicular from the origin on the line. 

5. A variable point P is joined to two fixed points A(—a, 0) and 
B(a, 0). If the sum of the gradients of AP and BP is unity, find the locus: 
of P. 

6. The extremities of the base of a triangle PAB are A (—a, 0) and’ 
B(a, 0). Find the locus of the vertex P when Z PBA =2/ PAB, 

7. Aline passing through a fixed point A(—a,0) meets another line: 
through a second fixed point B(a, 0) at P. Find the locus of P, when 

(ij) AP and BP are at right angles ; 
(ii) the product of the gradients of AP and BP is unity. 

8. Apoint P moves so that the perpendiculars from it to tho lines: 
@+2y=1 and 4¢—2y=3 are equal. Find the locus of P. 

9. Perpendiculars are drawn from a point P on the sides of a triangle. 
If the perpendiculars be p, q, r and if these be connected by the relation 
ip+mq+nr=0, where l, m, n are constants, then prove that the locus of 
P is a straight line. 

10. Ifthe sum of the perpendiculars dropped from a variable point P' 


on the two lines z--y—5—0 and 3z— 2y+-7=0 be equal to 10, prove that 
P must move on a right line. [ €. U. 1950 J: 


Answers : 


l s+y=a. 3. à 4 yt - D. 


4. a'-by!—az—-By-0. 5. z*—2zy—a*-0. 6. y?—3z? —2az-ra?- 
(i) a? +y? =a}; (ii) z*—y*-as, 


8. 22—69 -1, 62+ 2y=5- 


o 


- passes from one posi 


3 CHAPTER V 
*TANGENTS AND NORMALS 


V-1. The symbols ôx, ôy and dy : 
dx 


onvenient to use the symbols óz and óy— 


We shall find it € 
—to mean small increments in the 


read as ‘delta v’ and ‘delta y 

variables æ and y and also to denote viste eymboli athe 
da 

limit . OY E 

limiting value of the ratio 3 as 6x tends to zero, t.e., the value 


to which the ratio continually approaches as its limit as ôv is 


taken closer and closer to zero. 
This is written as 


Li 
"52-50 9 


V-2. Gradient of a Curve : 

Tt has been shown in Art. IV-2 that the gradient of a 
ne is the ratio of the increase in the ordinate of a 
onding increase in the abscissa as the point 
tion to another on the line, and that it is 
of the increments and also of the position 


sy dr. 
z dz 


straight li 
point to the corresp 


independent of the size 
of the point. 
fine the gradient of a curve at a point 


We now proceed to de 
of it and see how it differs from that of a straight line. 
en by the equation 


Consider the curve givi 
2 


y=ax" +b 
Let P be a point on the curve and Pa, Petwo other points 
on it. Draw the ordinates PN, PsN; and P,Nz and also draw 
ox meeting the ordinates PN, and PN, in 


PKL parallel to 

K and L respectively: m 
NIC 

Now the gradient of the chord PP; is ae ceni heh? 1988 


chord PP; i$ D. These two ratios are clearly not equal, so 
bo omitted at the first reading. 


* This chapter m8 
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that the gradient of the chord passing through P changes. with 
the position of the other extremity of the chord. 


If (x, y) be the coordinate 
be the coordinates of Jj 
t.e., PK and the correspo 


8 of the point P and (z-J-óz, yy) 

80 that the increment ôv in z jg NN, 

nding increment ôy in yis KP, then. 

bet by XP. Ly, 

the gradient 'of the chord PP, =DE 

since P, is a point on the curve 
ky =a(z+ ôr)? +b 


Now, y—az* +b, we have: 


ac^ + 9azóz-L-aóx? +b, 
But y —ax? +b, j 
A ; OY = Laxdat asg? 


Hence, : 29 — oag-Laar 
ôy 


t.e, gradient of tha chord PP, =2az+aôv which thus depends 
on the position of the point on the curve and the magnitude of 
the increment in v. As P, approaches P, ôx approaches zero 
and the gradient tends to the value 2az. We say the gradient of 
the curve at any point P (x, y) on it is 2ax. i 


Ata given point, say (g, Yı the gradient ofthe curve is 
therefore 2az,. E 


Def: The gradient 


- L of a curye varies from point to point: 
and at any point (z, y) it is defined as the limiting value of thé 
- by Te he e EA I a: 
ratio 5; 95 ôx tends to zero, which is. denoted by the symbol gu. 
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V3. Illustrative Examples : 
o illustrate the method of finding the 


A few examples t 
t are given below : 


a curve ab a given poin 


gradient of 
Find the gradient of the curve whose eguation- 


Example 1. 
is y=x° at the point w 
If P be the, point 
point on the curve, 


yy (o 02)" 
=r? -p 32257 --3z0n^ -Fóm?. 


hose abscissa is a. 
(c, y) and Pi be (z--ór, y-Fóy), then 


since P, is & we have 


But =g". 
ES 9x 262-3202" +5x°. 
Henos; 282 -F3zóz z^. 
óc 


Hence, at.the point whose abscissa isa 
t the gradient = 3a?. 


when £ — 6» 
2. Find the gradien 


4.0.5 
tofcurve z^ -y* =a" at the. 


Example 


point (wa, Y1): 
Tf on the curve P be the poi 


nt (a, y) and Pı be (x+dz, 


y+oy), then we have i; 
(a5) =4 $ 
il. ERE E e RE 
But pity ma. 
5 sapo) e ov) — >» 
oy 1 abe 
ibo gg WtO 
» dy Ti by. ==, 
adio 5 ae 
also approaches zero. 


since, when ôv ap. 
dient at (zi; yi)i8— 
Yı 


Hence, the £rà 
he gradient of the curve ay -—c*at 


Example 3. Prove that t 


in. 
the point (23: ya) [err 
1 
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The equation to the curve may be written as 
2 
anc 
y TP 


It therefore (v, y) and (z--àz, y+éy) be two points on the 
curve near to one another, we have 


c? 
Tóy- : 
4 c--óz 
5 dy=(y+dy)—y 
c? 2 
— abba E 
— —ec?*0m 
a(z--óz) 
by c? 
Hence, Ru A 
ox a(s + ôs) 
pi dy... Limo. = e^. — Pl trom the e uation) = —2- 
dz a.m z? p 2 t9 


Hence, at the point (z,, 


Note, 


Yı) the gradient = — %1, 
Tı 


Students acquainted with the differential notation will be able 


to find out at once ay for any given curve and hence obtain the gradient 
at a point of it, 


V-4. Tangent toa curve : 


Let P be a point on a curve and Q be another point near P. 


j The line PQ is a secant. If 
715 the point Q be now made to 
move along the curve until it 
takes up a position next to P, in 
other words, when Q tends to 
coincidence with P, in that case 
PQ tends to the limiting position 
PT and we say PT is the tangent 
to the curve at P, We thus 

arrive at the following definition 
of a tangent. 


4 
4 
4 
1 
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v-5. Gradient of the tangent : 
We shall now proceed to prove the relation that exists 
between the gradient of a curve ab a point and the gradient of 


the tangent to the curve at that point. 

Let PQ be a chord of a curve and PT the tangent to it at P. 
Through P and Q draw Y 
PR and QR parallels res- 
pectively to OX and OY and 
through a point T on the 
tangent PT draw HTK 
parallel to OY meeting PQ 


in H and PR in K. 
Now the gradient of the 


curve at P 
E "im PQ 
= Limiting value of PR 


as Q approaches 12 
=Ljimiting value of KH as Q approaches p-Et 
PK PK 

the chord PQ approaches the tangent PT 


for, as Q approaches P, 
KH tends to the value KT. 


so that H approaches T and hence, 
But ET gives the gradient of the tangent PT. 


that 
e at any point of it is the same as the 


e curve at that point. 


Hence, we conclude 
The gradient of a curv 
gradient of the tangent to th 


V-6. Equation of the tangent : 

The problem of findin£ the equation of the tangent toa 
given point of it now resolves itself into forming the 
a straight line passing through the given point and 
dient equal to the gradient a anO o 


) be the given point on the curve then the 


t at (z1, Ys) i5 
=m(a-21 
e curve at (23; Ja). 


curve at a 
equation to 
having a £r? 
point. 
equation t 


where m is the gradient of th 


74 4 FIRST COURSE IN PLANE COORDINATE GEOMETRY 


For example : 


(1) The equation of the tangent to the curve y-—2z? at the 
point whose abscissa is a is 


y —a* —3a? (r—a) 
. 5 H 8 
for the ordinate of the point whose abscissa is a is a? from the 


equation to the curve, and the gradient of the curve at this point 
is 3a^ (Art. V-3. Eg, 1), 


Hence, the required equation of the tangent is 


13a? — 989. 


(2) The equation of the tangent to the curve : i 
2z*-F3y* —5 
and the point (1, 1) is 


y—1-—m(r—1) 
Where m=% at (1, 1). 
da 
Now, Aa+dx)?+3(y-+sy)? =5. 
Also 9x? +392 — 5. . 
s Ande + 260° + Gy8y -- 95? =0, 
or, Sox (22-52) +-35y(2y-+5y)=0, 
ot Sy —... *(2z-koz), 
: ôs w(2y-róy) 
Hence, Woy, y. — 4 [ since as 6x approaches 1 
UC öx) ÔT SY zero, ôy also approaches. zero 
Lia, 
3y 
Hence, 


dy =- 2 
de 95, 1)= — 8. 


The required equation of the tangent is therefore 


Vy-1--$(z-1), 
d , 398-F3y—5, 
V-7. Normal : 
Def: The norma 


l to a Curve at a point of it isa Straight 
line through the point Perpendicular to the tangent at the point; 


TANGENTS, AND NORMALS i T5 


Equation of the normal : t 
The equation of the normal can at once be obtained ! by 
finding the gradient of the tangent and applying the condition 


of perpendicularity- . 
It m'be the gradient of the normal and m that of the 


tangent, we have 


mmi m ene m 1 


m 
Hence, the equation of the normal at (z4, yı) to a curve is 


given by 
y-331— -4 (g-«1). 
m 


to find the equation of the normal to the curve 


For example, 
(2191) we have (from Ez. 3, Art. V-3) 


cy =o? ab the point 
the gradient of the tangent at (wx, ys) is Um ais en ereroreluhe: 
* qe r 1 | 


equation of the normal at (way vi) is yo (x-z) Or» 
1 
quam Vs" =e." 


EXERCISE V 


nt at any point P (x, y) of the following curves : 


1. Find the gradie 
(ii) y-A ; (iit) y' edm; 

(v) y-4x* 32242. 

f the tangent to the following 


() yale)" s 
(iv) gyr =a"; 
2; Find the gradient and the equation 0. 


curves at the point P: 
iy Z +E =2, P25 
Quse COM 
(iii) ay=1, P(g à); (iv) w?—2y2=2, P(2, 1); 
w sty 13, P(2, 3). 
3. Find the equations fof the tangent and normal at P for the 


following curves : 
(01 a 
(is) yi-4am P(at?, 2at) ; 


(iii) Deb P(a cos $» b sin $) 5 
qo) a?-yie0^ 
() y= p(s). 


( y =n P(1,1); 


2, P(a cos 0, a sin 0); 


P(a sec $, a tan $); 
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4. Find the equation of the tan 
P (rz, y,) on it, and prove that 
triangle cut off from the coordinate 
5. Find the coordinates of the 


gent to the curve ty=3@? at a point 


for all positions of P the area of the 
axes by the tangent is constant. 
Points on the curye 
i y -22* —327_ 199419 
at which the tangent is parallel 

6. Find the equations of the 
at the point P (2,3). If the ta 
and G respectively, 


to the axis of x, 


ST=SG=SP 


where S is a point 9n the axis of z at a distance ? from the origin, 


Answers ; 
Lo 242, G5 = 5; Gu) 2. (iv) 2; (y) 1222-641. 
T y y 
2. (i) 52-9y-1-0; 


(ii) 2, 22-39-19 ; 
(iv) 1,&-y=1 ; 


(iii) —3,95..4y—12 ; 
() —8,224-3y—13. 


sin @=a, y= tan 6; 
(it) yt=x+-at?, Y+te =2at+at? ; 


3. (i) x cos O+y 


NS z y " e 
(ii) z cos Gne sin ¢=1, 


(iv) c sec $—y tan $=a, x cos $--y cot $ 59a ; 


Q) Syl 2e, tit —ty=ct* o, 


x 
4. UE area=q?, 
9. 82—4y 46-0, 40+3y—17=0, 


4 e or EDUCATION 


© SERVICE. 
pni SON - ra! 

CHAPTER VEX. CALCUTTA- 

THE CIRCLE Sri 


VI-l. Formation of equations : 
(A) To find the equation ofa circle whose centre is at the 
origin and whose radius is &. 

Let P (x,y) be any point on the Y 


circumference of the circle. Draw the 


ordinate PN and join OP. Ploey) 
Then the geometrical condition satis- p 

fied by P in order that it may be a point VAS 

on the locus is X 


OP=a 
which gives ON? +NP?=a° 
2 


d.&., x?+y?=a’. 


relation between the coordinates of any point 


This being the 
tion of the circle. 


on the circle is the required equa 


(B) To find the equation of a circle whose centre is at a 
given point (a, B) and whose radius is a. 
Y Let P (vw, y) be any point on 
p (cap the circle whose centre is C (a, B) 
We then have $ 
CP? =y° 
ga (x—:9?--(y —-8)?-a? 


which is the required equation of 
the circle. 


Cor. If the centre is at the 
origin, *=0, B=0, and the equation 


=a’. 


reduces to €^ +y” 
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VI2. Some particular Cases : 


(1). It the origin is on the cir- 
cumference, we have OC —a. 
S X. BF =at, 
£ Hence, the equation 
(z—4)*-(y— B)? =a? 
reducés to $5 
2^ ty? — 9«z — OBy — 0, 
(2) If the circle touches the 
axis of v, we have f=a and the 
- equation to the ciřcle becomes 
(w —4)* (y — ge -. 
ie, 2^ Fy- 9x — ofy 4.42 — L 
(3) If the circle touchés. both 
the axes, we have 


X—f—a 
and the equation to the circle 
becomes 
(e—a) (y — qe —a?, 
TT i.e., w+" — 9a — 9ny t 4? —o, 
Kk VI-3. The general equation E 
o X The equation 


(z—4)*- (y Bb)? =? 


Quation (1) ca. 
Tele, 


=a? by the Constants g, fand 


Hence, the 


Benera] i 

either of the following T wien 
fy ED EAT 
(ii) x? Dye H2gx42fy +e s: 0. 
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VI-4. The centre and radius of the circle given by the 
general equation: : PUT 


The equation 
a? +y? +ga 4-9fy c0 sw. (@) 


can be written as 
(cto +u tA) =g +f? o 

ie, de-(-9) tiu- f} =l NF) 
from which it is clear that 

(i) the centre of the circle is the point (—g, —£) ; 

(ii) the radius of the circle is Vg? FE — c. 

Hence in order that the equation (1) may represent a real 

circle, g?+f° —c must be greater than zero. 


Note: If g?--f?-c < 0» the radius is imaginary and hence it is an 
imaginary circle. The equation in this case has no geometrical significance 


but analytically ib represents & circle with a real centre and an imaginary 


radius. 

If, g?4-f? — c0, the radius is zero. 
point coinciding with the centre (79 -f) 
point-circle, In fact, the equation in this case reduces to (z4-g)* 
+(y+f)?=0) which gives v+g=0 and y+f=0, since a square quantity 
cannot be negative. These equations determine the only point ( —g, —f). 


In this case the circle reduces to a 
Such a cirele is known as a 


VI-5. Condition that the general equation ofthe 


second degree may represent a circle : 
The general equation of the second degree in z and y is 
ax? -E9hzy by? --999--9fy c —0 


which involves all possible terms in v and y in ‘a degree not 


higher than 2. 
If in this equation @ 
az? tay? +29¢+3fy te=0 

which on division by @ becomes 


a? y? Lo r2 Dy 2=0, 
a a æ 


=b and h=0, the equation reduces to 


nity? +29'2+2fyte —0 
f and c' are constants. 


4.8. 
where g’; 
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The above equation being identical in form with the general 
equation of a circle, we conclude that . j 
The general equation of the second degree in x and y, viz., 
az? + 9hay 4- by? 3-902 H- 9 fy 3- c — 0 
represents a circle if a=b and h —0, i.e., the coefficients of x? 
and y? are the same and the term containing xy is absent. 


VI-6. Circle having two given points as extremities of 
a diameter : 


To find the equation of the circle described on the line 
joining two given points as diameter. 


Y Pc) Let A(z,, yı) and B (ae, Ya) 


be the two given points and let 
P(x, y) be any point on the circle. 


Now the geometrical condition 
Satisfied by P in order that it may 
be a point on the required locus 
is that Z APB=a right angle. 
Now the gradient of the line Ap—! — t 

DESDE 
the gradient of the line Bp-!— s. 
Gs 


-. From the above condition, 


3 —1 V=Yo =- 
Z—21/2—m5 
(x- xi )(x x2) +(y WT yy =y) =0. 
This is therefore the required equation of the circle, 


1, 
4.6., 


VI-7. Circle through three given points : 


Let (w1, y1), (we, Vs) and (ws, Ys) be the three given points 
and let 


z? ty? + 290-49 fy-+o=9 


be the circle which Passes through them, v 
Then clearly, 
23 +95? +9904 3fy, +o=0 (2) 
22^ +a" + 2905+ 0j. o0 
and 


ods (3 
2st Fs +990 --9fy. oco as 2 
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From equations (2), (3) and (4) the constants g, fand c can 
be determined and on substitution of these values in equation 
(1) we get the required equation of the circle. 

N.B. The method should be remembered to solve problems 
in particular cases. 


VL8. Constants of the equation to a circle : 


The general equation of the circle, viZ., 
ai +y’ -9gz d 9fy d c—0 


contains three arbitrary constants—g, f and c. Ifthese cons- 
tants be found out, the radius and the centre of the circle 
he circle represented by the equation 
Now to find out the three constants, 
ons connecting them, and to obtain 


the three equations, three independent geometrical conditions 


satisfied by the circle must be given. For example, if three 
a circle be given the equation of the circle can be 


will be known and t 
will be definitely known. 
we require three equati 


points on 
found out as in Art. VI-7 


WORKED OUT EXAMPLES 


Ex. 1. Find the centre and radius of the circle 
ga? --9y2--362 — 24y — 29 — 0. 
Dividing both sides by 9, 
we have mty? ttn- $y =O 
which can be written as | 
(z--9)* (y — 8)* —9*-F($)* H 
(z-E2)? (y- 9? - 8". 


4.6., 
the centre of the circle is the point (—2,$) and the 


Hence, 
radius is 3. 


Ex.2. Fin 
point (— 4, 5) and which passes through the point (1, 2.) 


Since (1, 2) is a point on the circumference of the circle, 


its radius 


d the equation to the circle whose centre is the 


= Jara? 40-5)? = V25+9= Ji. 


I—6 
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Hence, the required equation is 
(z-- 4)* (y —5)? — 34, 
ien, 2* y^ F8; —10y4-7—0 


Otherwise: Let v be the radius of the circle. Then its 
equation is 


(e+4)?+(y—5)2?=72, 
Since, the circle passes through the point (1,2), 
(1+4)?-+(2=5)2=,2, 
i.e., 7? —394. 
Hence, the required equation is 
(2+4)? +(y—5)?=34, 
4.6. 2" --y*--8z —10y4-7 =0, 


we must have 


Ex.3. Find the equation lo the circle which 
the points (1, 9) (—3, 4), and (5,—6). 

Let the equation to the circle be 
z^ +y? +2049 fyto=0, 

Since it passes through (1, 2), ( 
2g +4f+c+5=0 
—6g--8f--c--95—0 

and 10g —12f--c--61— 0, 
Solving these equations, we get g — 37, 


Substituting these values in (1) the required equation is 
Sab +3y" +340-+38y — 195 =o, 


passes through 


(1) 


—3,'4) and (5,—6), we have 


EIS =—125 
z and c= — 135, 


Ex. 4. Find the equation to the circle, which is concentric 
with the circle m° 4-2 4e+6y~3=0 and which passes through 
the point (5,— 9), 

The equation to any concentric Circle is clearly of the form 

&* Fy* ~4e-+6y-+h=0. 
It passes through the point (5, — 9) if 
SC 9* - 4546(- t) gg 


4.e., if 25--4—20— 19-5 —0, 
ie., if kz3. i 
Hence, 


the required equation to the circle is 
2? "H^ —4g--6y-- 30. ; 
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EXERCISE VI(A) 


l, Findtheequation to the circle whose centre ig C and radius zi 
when 
(à Cis (0,0) r=4; 
(i) Cis (2,2), r=5; 
(iii) Cis (—3, 4),r=1; 
(iv) Cis (-5, —7), r= 
(v) Cis (0, a), ra. 
: 2. Find the coordinate of the centre and the radius of the albas 
circles ; 
(i) w7+(y+8)? =16 ; (ii) 2*4y3—92z44y-4-20;. 
(iii) 122?--12y?—12z--8y-3-0; (iv) 22+y2+4e-6y+13=0,; 
(v) E32 +4+5y?—4a—3y=15. iUd 
3. , Find the equation to the circle circumscribing the triangle whose 
vertices aro 
43). (05 0), (3, 0), (0 5) ; €. 0, 75 (72, 9), (5, 5) ; 
(i) (7,—3), (5, 11), (-9; —3). 
4. (i) Find the equation of the circle which passes through 
e 3) and (4, —1) and obtain its radius and the coordinates of the cèntre, 
(C. U] 
1 (ii) Find the equation to the circle which goes through the threo 


Also find the centre of this circle. 
[0 Us 1957] 


2,-1), 


! 
Points (5, 3), (6, —4) and (—1, —5). 


5. Prove that the following sets of four points are concyclic, and 
find the equations to the circles passing through them ; ; 
G) (1, 1), (2, 0), (8) 23, (75, =7); 
(ii) (8, 4), (6, 8) (=L, 7), (72, 4). 


6. Obtain the equation of the circle whose centre is the point (2, 3) 


and which passes through the point (5,7). (C: U.] 


7. Find the equation to the circle whose centre is ab the origin and 

which meets the straight line zt =1, on the axis of y. [C. U.] 

'8,. Find the equation to the circle whose centre is the point’ (2, + 3) 
and which passes through the intersection of the straight lines 

A 25—39-23 and 324-5y--13 —0.; d 3 : 

9. Prove that the centres of the three circles x* y? I giyi PS 

a Al Ljvt+y?=l2z+4y=1 lie on a right line. (0. U.] 

‘10; Determine the centres and radii of the thrée circles 2? yi -2y 

(E3720, eh +y - 0239-020 and z'H* 8e- dy-50 aid verify 

that the centres lie on a right] line whose equation you are required to 

obtain. [C. U. 19,0] 
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11. Find the equation of the circle which touches tho coordinate axes 
at (1, 0) and (0, 1). (C. U.] 


12. Obtain the equation of the circle which passes through the two 
points on the axis of æ which are at a distance 9 


from the origin and 
whose radius is 5. 


[C. U. 1952] 


13. Findtheequation to the circle which touches both axes and 
whose radius is 3, 


14. Find the equation to the circle which passes through the origin 
and cuts off intercepts 5 and 7 from the positive directions of the axes of 
z and y. 


15. Find the equation to the circle which touches both axes and 
passes through the point (1, 3). 


16. Find the equation to the circle 
through the two points (2, 3) and (4, 1). 
17. 
(3, 4), 


which touches axis of y and passes 


Find the equation to the circle which passes through the points 
(+1, 6) and has its centre on tho siraight lino 3z-4-5y -2—0. 
18. ABCD isa Square whose side is a ;taking AB and AD as axes 
prove that the equation to the circlo circumscribing the square is z)4y? 
=a(z +y). 


[C. U. 1951] 
19. Find the equation to the circle described on the join of (7, —5) and 
(—3, 9) as diameter, 


20. Find the equation to the circle which is concentric with tho circle: 
whose equation is 


2z? +2y? —Tx+9y+10=0 
and which passes through the point (1, 1). 


21. Provo that the two circles ; 


G) a? Ty 42— 10y -20—0, 
(i) xa ty*4z—-0y—36—0, g +y? l10z42y-L22-0 
touch each other, externally in (i) and internally in Gi) and in 
determine the Coordinates of the Point of contact, 
(Hints: The Point of contact divides the line joining the centres in 
the ratio of the radii]. 


iy! -8:4-0y4-16—0 ; 


each case 


axis, passes 

T ; e centre lies i 

line z--y 2.3, les in the first ahha 
23. Find the area of the equilateral 


triangle inseribed in tke circle 
i PTY? Ogee fy NS 
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Answers : 


1. (i) zi*y?-16; (ii) 2?+y?-42—6y—12=0 ; 
(iii) x° +y’ +6r—Sy+24=0 ; (iv) x?-+y?+10r+4y—7=0; 
(v) z4-3*-2ay-0. 3 
(i) (0, -3)4; (ii) (b =2),33 863 GQ.-351; 

413 


(iv) (72.3.0; (0) Y» 7. 


3. (i) z^4y!-3:-5y-0; (ii) 2*4! -22-4y-20-0; 
(iti) a? y? -2z - 6y -90 -0. 

4. (i) x+y? —6x—2y+5=0, 5, (3, 1); 
(ii) z°+y’—4s+2y-20=0, (2, 1). 

5. (i) at-ty?+4e+6y—12=05 (ii) a y*-62-8y-0. 


1 


6. w?+y? —4z—6y-12-0. 7. a*4y*-30. 
8. a y!-4zt0yA 5-0. 10. z-y-2. 
1. 234y-2z:—-2y-1-0. 12. z*4y'X2431]y-4-0. 
13. 2 4 y? Oz 6y4- 9 —0. 14. z?4y?!-60z-7y-0. 
15. arty? -2(4s J O(ety) 22:58 0-0. $ 


16. gy? dz - 9y 41-0, 2*4? - 207 — 18y +81=0. 
17. a3 py? + 2x —2y -23- 0. 19. «2+y?—4a—4y —66=0. 
20. 243--2y? — 7z4-9y —6=0. 21. (i) G-$); (GU) (24-39. 


92. æ +y’ -4x-2y*4-0. 23. Busgare -t). 


VI-9. Length of chord : 
(A) To find the lengths of chords intercepted on the coordi- 


nate axes by the circle 


g? ty? d- 9gz4-2fy c — 0. sen, (08) 
Y The equation to the axis of wis 
y=0. Att 2) 


The points A and B are common 
to the circle and the c-axis. 


Hence, the coordinates of A and 
X  pmust satisfy both (1) and (2), 


0 in (1) we have  +2gu+c=0. ... (3) 
n in @ to give the abscissa of the 


IN 
OlA——-B 


Substituting y= 
which is a quadratic equatio: 


points A and B. 
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It v, (204) and xa (- OE). be the two rocts of equation 
(3), then 


and 4) 


YiTQ— c 


2,--m,— —9g 


^9 AB=2,-27,= Neita) — 4x 0, 


= J4g*—46—2 N$*—c. 


Similarly, the length of the chord intere 


epted on the y-axis: 
will be found by gettin: 


g the difference of the roots of the. equa- 
tion y°+2fy+c=0 obtained by putting e=0 in equation (1). 
The length CD will be found to be 2 Jf? =c. 


Note: (1) Tf 9? =c, the intercept on the x-axis is zero. In this case 
the axis of æ touches the circle, 


(3) Ifg < e 


showing that. 
the circle does not meet t 


from (4) the Product of the roots is: 
8 is positive and the other negative, 
axis of z in two points situated on. 
Opposite sides of the origin. 


Alternative method, 
It O'M be dra 


wn perpendicular on AB fr 
then M must be th d 


om the centre O', 
e middle point of AB 


Now |. 0' 4 — radius of the cirele— Jo +f ao 

and Q'y- ordinate of the centre= — jy, 

Hence, AB= 94r. 9 J02 0m s 
73 Jg* +P =- FF 3 
EEA 


1 (B) Lo find the length o. 


f the chord intercepted on a given: 
straight line by a given circle, 


i 
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Let the equations of the given circle and straight line be 
z2--y3—a? E (1) t 

and y=mate -. (2) 

Det Ple yi) and Q(zs, v2) 
be the points of intersection ot (1) 
and (2). Clearly the coordinates of 
P and Q will satisfy both the equa- 
tions and hence will be obtained by 
solving the equations (1) and (2). 

Substituting for y from (2) in (1), we have 

2? (mz c)? =a" 

ils m? (1+m?)+2mes+c? -a° = . (8) 
which is a quadratie equation in æ whose roots are the abscissæ 
of P and Q, viz., 2, and 2s respectively. i 


.9mc _ 
Hence titr: =- 
j 1m 
Put c*—a* 
and £199 .— Tas 
) 1+m? 
e ee APR 
Hex Marae)? — Åtta 


rige 
XE ETE TURIN 
= J Es Amic? . 4(c* ai) 
(14-m*)* +m”) 
pega rta ANLE 
m*c* — (19m 255 —(12-m*Xc* —a 2 
fuc +m")? 


fay n-nopbe Mem =e (07 


Again, since P and. Q are points on the line (2), we have 
Ji =mz,+e and yg mta te 
and so Ya y= mle =z): 
PQ= Mes 2a)? Fuam) 
mi (zs — 21)" 4-m^ (25 —23)* eet Sash 
=(a2—21) J1+in® t 
z z i 
PQ=2 / am ae from (4) 


ie, 
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Otherwise: If OM be drawn per 


pendieular on PQ, then 
the chord PQ—9 JOP* — OM? will give the result. The actual 
working out is however left as an exercise for the student. 


VI-10. Equation of a chord : 


To find the equation of the chord of a circle joining two given 
points on it, 


Let the equation of the given circle be 
z? ty? =a? 

and let P (z,, y1) and Q (za, 
figure of the previous article), 


E see (1) 
Yo) be the given points. (See 


Now the gradient of the line PQ=Y2=% | 


L_—2, 
(75, Ya) and (21. 1) are points on (1), we have 


v, +y? — 

t +y,’ =a, 

Hence, by subtraction, (a? 
(es — eis.) -- (y, 


But since 


and 


72:5) (y? —y,23)-0 
—\(vo+y,)=0, 
-e The gradient stare —Eakm. 
Ta- zı Vot ys 
The required chord is therefore a line passing 
d 1 Sp 
Pos, and havin radient — 22 F21 
( 1 V1) Eg Vs Fy: 


i.e., 


through 


Hence, its equation is 


Ta +o 
Y y= 


iln (z- v1)Y(2, chc J+ -yya ty)-0 


ie., pipes) pvt Ws) (ree yay) th 8), 
since a,°+y,2 =q", 


VI-11. Tangent at a Point : 
To find the equation of the tangent at the Point (vi, yi) to 
the circle, 


G) 2?+y?=92 
(ài) OF? +2924 9fy-4+0=0, 
Let P be the given point (a, 


- We take a point Q on 
se to P. Tet its Coordinates be (zs, Ya). 
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(i) Proceeding as in the previous article, the equation to 
the chord PQ is found to be 


Doth 

Ya tYı (oot 

cidence with P so that Te tends to 
the value zı and ya to Yı the chord in this limiting position 
becomes the tangent at P. The equation of the tangent, obtai- 
ned by putting Te =T1 and ya 794 in the above equation, is thus 


Ubi 


If now Q tends to coin 


cz 
y—yi— 23 (z-21) 
Yı 
DUO ax, ys 722^ a^ 
AA xx, +yyi=a- 


Ya- Yı 


J9 71, 


(ii) The gradient of the line PQ is 
TaT 


But since (£1, Yı) and (za, ye) are points on the circle 
a3 +y? -9gz-2fy c0, we have 
ea? +y + 9gzs fija oO 


and ta? tye? - 99s fus te=0 


Hence, by subtraction, 
2 y 9g(ms 21) + 2 7s =y3)=0 


z,*—21* ya^ — Va 4 

i.b., ca ns tatag) +lya -vaya tu FRU 
Y y Syr Anatot 
.. the gradient eee yet. + of 


hord PQ is therefore 

M _ Botts 429 (p-e) 

yrs ua 1 

f the tangent is obtained by making 
The result is 


The equation of the c 


As before, the equation 0. 
=y, in the above equation. 


o=% and Ya 
Pos ET SE 
CAA (z— s21 +g)+(u -yv f) 0 
Ern ae, tyy E 9nd fy mmi Ea toes ra 
may? ys +901 Sfi Fo (s +fy,+c) 


= (goi fui +c) 
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Since (zi, yi)is a point-on the circle. | 
Hence the required equation of the tangent is } 
XxX, tyyi +g(x+x,)+f(y+yı)+c=0 


Alternative Method ; 


(2) Proceeding as in Ex: 2, 
itangent at (zy, $1 


Art V-3 we find the gradient of the 


=the gradient of tho curve at the same point= 


The required tan, 
gradient —2,/y,. 


iat 
yi i 
h (v,, y,) having 


gent is therefore the line throug 
Its equation is thus 

zs =, Svi - 
y-y,- XR un) 
xx, tyy,=a7, 
(ii) If (x, y) bea 
Point close to it, then 


4.e., 


Point on the circle and (xóm, y+ dy) another 
(@+ ôs)? 4 (y+ Sy)? 4-2g(z 4- òx) +2fly+sy)+e=0 
z TY? +2924 2fy+o=0 
v. By Subtraction, 2z5r-4- 92? -2yày-- dy? +2g52+2féy=0 
Sa (2a: 294 ix) 5y(2y + 2f + by) - 0 
whence by. 2n+29+ 8x 
ba 2y + 2f4- oy 
$3 QU. Lim 9j s4g 
de 8230 ös yf 
Since when ôx approaches Zero, 


and 


po 


ôy also approaches zero, 
The gradient 6f 'the curve at @,yy)= Zita, 


; yit 
which ig also the gradient of the tangent, 


The required equation of the tangent is thus 


- UC uy 
y-y, yj 1 


Whence the equation ' 


Fy. tEe(stx,)+(y+y,)+en0 
readily follows, 


Note: The equation of the tangent (x. y,) is obtained from the 
1 for z?, EUM ‘ 


j e on that the straight line y=ma-+e should 
touch the circle g? 4-2 — i 


a”, 
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The points) of jniezssption of the line y—mz-Fc... (1) and 
the circle s? +y? —a?--(2) are found by solving equations (1) 
and (2), 

Thus, substituting for y 
from (1) in (2) we have 


o m*--ma--c)* —a? —0 
ien, z*(1--m)? -9mez c? — a? 
25055919) 


which is a, quadratie equation 
in a whose roots 2, and 2$ are 
the abscisse of the two, points P and Q common to the line ‘and 


the circle, 


Ifthe line is a-tangent, P and Q coincide and hence 71 =e, 


i.e., the roots of (3) are equal. This gives 
,Am?o] — 4(1-em? (c* —a^)7 0. 
or, c? c a*(14-m*) ; 
1.6. c=ta J1+m?. 
This then ‘is the required condition. 


(4) 


Remark: The roots of the equation (3) are imaginary 

it 4m2c? — A(1-- m? e^ a) Beal EETA i 
iel if, a2(1+m?)<c” Jb n 
ie, if ciam) = DE bas H js 


e meets the circle in imaginary points, 
Thè ‘line 


ulav 


Td this case the lin 
trically it-does not meet the circle at ‘all. 
o this case. 

(3) are real and different if 


e line meets the circle in two 


i.0., geome 
(&) in thefigure'corresponds t 
The iroots of. the equation 
c?-a*(1-bm?) In this case th 
real points as in the case of:the line (a) in the figure. | 


Í : 
7 n 


Alternative method : , M ; f i 
gency may. im easily deduced from ix) 


(The condition. for tan 
he tangent, viz » that it is perpendicular 


geometrical property of t 


‘to the radius. through the point of DT 


l touch the dircle & An, a? if the 


y) i ü 
1 d 


‘The line y= Coo wil 
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length of the perpendicular from the centre (0, 0) upon it be 
equal to th» radius a 


dub ifs s ce 

te Ni+m? 

4.6. if c=-ta Jd m, 
Note. 


This method being based on the property of the tangent to 
a circle, is not applicable to any other curve. 


VI-13. "Tangents in a given direction : 


If the gradient m of a line is given, we find there are two 
values of c, viz., those obtained in the previous article which 
willmakey=mz-+e a tangent to the circle z*--y* —a?. Hence, 

corresponding to a given gradient m there are always two 
parallel tangents to the circle z^-Fy*—a? whose equations are 


y=mx+taV1+m?, 


In the figure of the last article, (b) and (c) are the two 
parallel tangents, 


VI-14. Number of tangents from a point : 


To show that two tangents (real or imaginary) can always 
be drawn from a point to a circle. 


Let the equation to the circle be 2^-- y? =a" and let (a1, yx) 
be the given point. 


The line y=mg+a Nam: 


m (1) 


is always a tangent to the circle z^ +4? =a? and for different 


different directions, We 
of these pass through the given 
point (£1, Y1). 


Now, if (1) passes through (23, y1) 


we haye Yı=mrı +a NiF m? 
or, (ys —mao,) —a*(1--m?) 
ie, m^(z,* —a*)— 92 mty ato. 


(2) 
The above equation is quadratic in m ‘and therefore gives 
two values of m Corresponding to each of which we have a 
tangent passing through («,, Vi). 
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$ Hence, two tangents can always be drawn from the giyen 
point to the circle and these are i 
: y-yi-mi(x-xi) 
and y-y;-ms(x-zi) 
where m, and mg are the two roots of equation (2). 
The discriminant of equation (2) 
— 4r Sys — A? - a? oi? - 9) 
—4a*(z," +1" -a") 
— 4a? (r? —a?) 
where r is the distance of the given point from the centre of 
the circle. ? 


Now, 
(i) if the disc. is positive, t:e.» r>a, ie, the point lies 


outside the circle, we get two real and distinct roots and hence, 
two distinct tangents can be drawn ; 

(ii) if the dise. is zero, ie, 77d, 1.8 
circle, we get two equal roots and hence, 
become coincident ; 

(iii) if the disc. is negative, i6» TS i.e, the point lies 
inside the circle, we get two imaginary roots and in this case 
both the tangents are imaginary, 4.0.5 geometrically no tangents 
can be drawn. 


VL15. Length of the tangent : 
To find the length of the tangent 
point (a1, Yı) t0 the circle (z — a)? +u =p)?=r". 
Let P be the external point, y 
PT the tangent, T being the point 
of contact and Q the centre of the 


the point lies on the 
the two tangents 


drawn from an external 


circle. 

Now, the centre C is 
(a, B). 
ome porate tage 
Also OT=radius=" 
Then since, 2 OTP is a right ang’e, we have 
ee prie PO? - CL" 
ie, prea (x, ota Dos 


the point 
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In a similar manner the Square of the length of the tangent 
from the point (z,, yi) to the circle 2* +y’ +990 +0 fy+c=0 
will be found to be et E 
c X1 yi? 28x; +2fy +c: 

The square 'of the tangent from an ext 
as therefore obtained by 
point for x and 3j in the left 
circle, the equation being so 
is zero and the coefficients of 


Cor. The square of the length of the tangent from the 
origin (0, 0) to the circle a +y? +290-+%fy+c=0 is c. The 
result can also be arrived at independently thus: palsy 

Square of the tangent = OC* — (radius)? 

=9 Ef -(g* FI) 
=o 


since the centre is(—9g,— f)and the radius is Al? SUP ESTA 


ernal point to a circle 
substituting the coordinates of the 
-hand member of the equation to the 
written that the right-hand member 
^ and y? are each unity, 


VI-16. Normal ata point ; 


' F t ty 
To find the equation to the normal to i 
(i). the circle: a? +y" — q* : 


(it) the circle z^ +y? +9924 Ofy+o=0 | 
at the point (24, y,). 


(i) *The equation of the tangent at (c,, 


V1) is 
tz, +yy,=a? 
g 2 i 
; —.i a 
4.6; y-—-p-p— 5 : 
i Yr yi f qM (1) 


a. The equation to the normal Which isa straight line 
through (2;, y1) prependicular to the tangent (1) is’ ! 


y—yi —m(z—a,) 


di qi. g (2) 
where mxf-2a)= -1 
L Yı 1 
te, maa, $ed Mt S 
Tı 


Hence, substitütin 
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1.6.5 xy1—yx:=0. 
(ii) The equation of the tangent at (4, yi) is 
225 t yys t goma) (y vi)-e—0 
i.e., ale, d-g)--y (ys - f) gos - fy e —0 
zı tg , gri fuic 
yif yif 
The equation to the normal which is a straight line through 
(xı, Yı) perpendicular to the tangent is 
y—y; —m(-21) 


DOS y= 


where mx [-2:34) PPM 
ER 

j yan 

tl., m ROME 


Hence, the equation to the normal is 
Lu SORGE (ge 
y Jis cp (z 23) 

id., x(y, +£) -y Gi 8) - fx: +£yı=0. 

Alternative method : Since from Geometry, the radius 
through the point of contact is perpendicular to the tangent, 

in (4) the line joining the centre (0, 0) and the point (x1, Ya) 
(ii) the line joining the centre (—g,—f) and the point 


and in 
The -equations may easily be 


(x, Jı) must be the normal. 
derived. 

VI-17. Chord having its middle point given : 

To find the equation of ihe chord of ihe circle s +y =a 
which is bisected at a given point (a, B). 

Let P (a, B) be the given point. Then 
if AB be the required chord, it must be 
one passing through P and be perpendi- 
cular to OP. 


Now, the gradient of OP is E, 


Hence, the gradient of AB is- 5. [ Art. IV-10 (2) J 


Therefore, the required equation of the chord AB is 


\ y-Bo -5 (270) 
i.e. (x—«a)a+(y -- 8)8 —0- 
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VI-18. Common chord : 


To find the equation of the common chord of two given 
circles. 


Let the equations of the giyen circles be 
z’ +y’ F9g,z--9f.y- Fc, —0 zec (T) 
and — z?-Fy*-F9g.z-9f.y--c4 —0 sea (63) 
Consider the equation 
(a? ty? F9g52-F 9f y-F c.) (a? +y2 
+29.0+2foy+c.)=0, = (3) 

Let the two circles (1) and (2) intersect in Pand Q. Then 
the coordinates of P and Q must satisfy both the equations (1) 
and(2). Hence, these coordinates also satisfy equation (3). 

Equation (3) therefore represents some locus through P 
and Q. 


Also equation (3) when simplified reduces to 


Ag, —9ga)e-- 9(f, ~fo)y+c, ey QT) 
which being an equation of the firs 
a straight line. 


Hence, 2($, —8,)x-E2(£, —fs)y-c, 


is the equation of the Straight line passing through the points 
of intersection of the two Biven circles, that is, the equation of 
the common chord. 


t degree in z and y represents 


=—cs=0 


of this elementary volume, 
VI-19. Chord of contact : 


Def. The chord joining the points of cont; 


act of the two 
Y tangents 


tbat ean be drawn from 
an external point to a circle is called 


the chord of Contact of tangents from 
the point. 


To find the equation of the chord 
of contact of tangents 


the external point (v, 
circle z? y? = g2, 


drawn from 
Yı) to the 


PS 
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Let T; (t 81) and T, (as, Pa) be the points of contact of 
tangents from the given point P (zi. y1) to the given circle. 
The tangents at Ty and T'o are respectively 
sa, yf, =a" 
and vag -yfl, a? 
Since these tangents pass through P, its coor 
Yı must satisfy both the equations, 


dinates 7; and 


Henoe, 2,4, +4181=0° w (1) 
and 2,05 tyb a^. » (2) 
The equation to the chord of contact T, T's is therefore given 


by xxi+yy1=a° (3) 


for, (i) the points T's (as, B,) and To (as By) lie on the locus 
given by (3) which follows from the relations (1) and (2) ; and 
(ii) being of the first degree in æ and y, the locus represented 
by (3) is a straight line. 
Hence, (3) being a straight line passing through T, and Ts 
must be the required equation of the chord of contact. 
If the equation of the cirole be given in the form 
q3 -- y3 +2904 9 fijo 70 
then proceeding in the same way it will be found that the 
equation of the chord of contact is 
xx, +YY1 TCR 


Note: 1. It will be seen that the equation of the chord of contact of 
yt) is tho same as the equation o* the tangent 


tangonts drawn from (zy 
at (ey y). It should however be remembered that in the onse of the 


chord of contact (xı, yı) is an external point whereas in the case of the 


tangent it is & point on the circle. 
identical the rule to write down the 


Note : 2. Tho equations being 
ally to that of the chord of contact. 


equation of the tangent applies equi 


WORKED OUT EXAMPLES 


Ex. 1. Find the equation to the circle which touches the 


avis ofa at the point (3, 0) and cuts off from the axis of y an 


intercept of length 8. 
I—7 
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Itr bs the radius of the circle, 
the point (3, r) [ See figure ] 


It CM be drawn perpendieular to OY, 
then 


then the centre C is clearly 


AM= JCA?* — oar? 
= Jr? 37, 
Hence, 8=intercept AB 
=2AM=2 Jr? —3?. 
16—7*—9 whence r= 5. 
Hence, the centre of the circle is the 
point (3, 5) and the radius is 5. 
The required equation is then 
(2-3) (y- 5) =52 
z’ +y? —6z10y--9-0 
Obviously, there. is anoth 
conditions, The centre of thi 
is © +y? — 67 -10y4-9—0, 


te, 


er circle also satisfying the given 


s circle is (3, —5) ang its equation 


Otherwise : 

Let the required equation to the eirele bo 
a Ey gn 9fy- o p. 

It meets the exis of v ( 
t^ 99g c — 0. 


Since. the axis of z touches the circle at the 
two roots of (2) must be equal and each equ 
(2) must be identical with (z—-3)*29 

ie, with g? —6z4-9- 0. 


ave (1) 


i.e., the line ¥=0) in points given by 


(2) 


point (3, 0) the 
al to 3, so that 


Hence, g= -3 and c—9, 


The equation (1) then reduces to 


z” +4*—6e+ofj4+9~¢ 

The circle (3) 
points given by 

y^ +2fyt+9=0, 


(3) 


meets the axis of y. (i ^ the line 2=0) in 


1.6. 
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It, aud y, be the’ roots of this Ege then by the 
given condition, 
8—yi 2 ya 7 Ar ys) — Y= MENS 36 


S. f?=95 whence f=+5. > 
Hence, the required equations are & ey" —60410y+9=0. 


Ex. 2. Find the equations of the tangents of the circle 
a ty? Fir 2y ~+ 4=0 which are perpendicular to the straight 
Tine! 8a-+4y-+5 — 0; : 
uation to the circle can be written in the form -~ 

(z-E2)* +(y 1)? —8*: tee (1) 
The centre of the circle is therefore the point (= 3, 1) ahd 


The eq 


the radius is '3. 


Any straight line perpendieular to the line 82+4y+5=0 is 
(2) 


(1) its distance from 


Ay —8yte=0. 
It the line (2) is a tangent to the cirole 
the centre (—2, 1) must be equal to + 3. 
—-8-3-c 
Hence, ue a 
c=11+15=26 or, —4, i 


quations are therefore 
3y 4-0. 


$.6., 
The required e 
Ag —8y+26=0 and 47 — 

e that the line 39 — Wee touches the circle 


Ex. 3. Prov 
gity2=1 and find the point oJ co 
75. 


The given line is y——74 
y2=1 in points whose abseisse are 


ntact. 


Tt meets the circle w F 


given by m 
s (r3) =1 
4.0.5 960° —30z-9— =0 
iln (57— di 
. 23,8 
=g 5 
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The roots being equal, the two points of intersection are 
coincident and hence the line is a tangent. 


Putting s=% in the equation to the straight line, 


2 
ya Š=- 


Hence, the point of contact is (2, —4). 

Ex. 4. Find the condition that the line læ+my+n=0 
should be (i) a tangent (ii) a normal to the circle z*-y? 
7 9gz -F9fy--c— 0. 

(i) The centre of the circle is (-g, —f) and the radius is 

Ng f* =o. 
If the line le-+my+n=0 be a tangent then the length of the 


perpendicular from the centre upon it must be equal to the 
radius 


ie., 


A Em? 
or,  (gitfn—a) —(?--m*)g?4- -6 
which reduces to 
e(l? +m?)+-n? — (f1— gm)? — 9fmn — 9gni— 0. 
This then is the required condition. 
(ii) Sinee, the normal to a circle at an 
passes through the centre, we have 
(—-g)m(- )--n-0 
or, gl-- fm—n-0 
which is therefore the required condition, 


y point of it always 


Ex.5. From a point on a chord of a circle produced a 


tangent is drawn to the circle. Proye that the rectangle con- 
tained by the segments of the chord i 


5 equal to the square on the 
tangent, : 


Let &he equation to the cirele be 
a” Fy* F9gz--9 fy. 5 0 
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and let P (a1, y1) be a point on the chord AB produced. From 
P a tangent PT is drawn to the circle. 
If AB makes an angle 0 with the Y 
a-axis, then its equations when T 
expressed in symmetrical form are 
$—i1. Y Vio, 
cos Ó sin @ 
[ árt. IV-8 (B) ] 


Now, the coordinates (v, y) of 
any point on the line at a distance 7 from (2i; 
w=2,+7 cos 0, y=yı+r sin 6. 
If this point is on the circle, we have 
(zı +r cos 0)? -F (yi +7 sin 0)? +29(z1-+7 cos 6) 
+2f(yatr sin 0)+e=0 
d.e, 1" (cos?0-sin*0) -9r(zs +9) cos 0-- (y; +f) sin 6l 
nytt ya + 20% +2fys o0 
roots of which give the 
f the line and the circle 


*, 


yi) are given by 


which is a quadratic equation in 7, the 
distances of the points of intersection o 
from (a3, Yı) $e, PA and PB. 
Now, the product of the roots of the equation is 
mı Hya +29%1+2fyate (C cos?0-Fsin^0—1 ) 


which is the expression for PT’. 
Hence, PA.PB=PI* 


which proves the proposition. 


EXERCISE VI(B) 
1. Find the equation to the circle which touches the z-axis at a 
distance +5 from the origin and cuts offa chord of length 24 from the 
y-axis. (C. U.] 
2. Find the leng 
(i) from the line 3: 
(#) from the line y=22— 
3. Find the middle point o: 


from the line y — mz-t €. 
4, If P(a, B) be? point within the circle z24-y* —a?, find the length 


of and the equation to the least chord of it passing through P. 


th of the chord cut off 

z-4y- 15-0 by the circle z? 4- y? 225. 

5 by the circle w?+y?—6x+8y—5=0. 

f the chord cut off by the circle z* +y? =a" 
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5.. Find the equation to the common chord of the circles 

() zy F24 6y- 6-0 and hy 4r- 6y 71220, 

(ii) 22?--2y*—3z—5y—5-0 and 2 ty? 42043720 $ 

and prove that it is perpendicular to the linei joining thé centres of the 
circles. T i 3 : 

6. Find where the line 324-4 


Y+7=0 cuts the circle z? +y? —4a —6y 


—12-0. [C. U.] 
^7. Find the equation to the chord of the circle x +y?=81 which is 
bisected at the point (—2, 3). [ C. U.] 
8.. Find. the coordinates of the point Of contact! of the tangent 
3 3 nz4- aA TX-m? to the circle 2*4 y*-a. i LO: U.] 
9. Find the equations of the tangents to the ‘circle x? + y2=9 which 
are parallel to the line Sz--4y 50. = [0. U.] 
10. Find the equations of the tangents to the circle a? 


+y?=a? which 
are perpendicular to the straight line y=mate, 


ll. Find the equations of the tangents to the circle x? 


+y? —6a+4y 
=12, which are Parallel to the straight line 4o+3y+5 =0. 


(¢.U.] 
12, Find the equations of the tangents to the circle a? Ty? —Óz-4y 
—7=0 which ate Perpendicular to the straight: line y-72z43. 

13. Prove that the Strai 


ight fine! PEEN Er touches the circlo 
2? +? =1, and determino the > 


point of contact, 
14. Prove that the Straight line 


y-eiddJg- touches the circle 
2*+y4=9, and find thie/point of contact L 


15. Prove that the ‘strai 


ght line 2+y=2+,)2 touches the circle 
2? +y? —2w— 2y hn 


+1=0, and find the point oféontact; 
16. Prove that the lines z—7 and 

2* y! — de ~ Gy = 12. Find the points of co; 
l7. Find the e 

which make an an; 


y=8 both touch the circle 


ntact. [.C. U. 1055) 
quations of the two tangentsto the circle &*4y?-3 
gle 60? with the axis of z. [ C. U. 1955 ] 


18. Find the equations of the tangents to the circle 2'4y*-1 which 
Pass through the point (0, 2). j a 


3 3 Find the condition that the line Az By 0-0 may touch the 
circle 


(è) ty? ga ; : 
GD @ atty gas 
20. Find the Points on the circle Tyt 99 


6y—22=0 at which the 
tangents are parallsl to the Straight line t+y=0. d 


ty’ -14z—-10y445—0 at which 
‘aight line 2u-5y+4=0. K 
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o the circle:£ouching the coordinate axes and 


22. Find the equation t 
also the line z+y=5 the centre being in the positivo quadrant. s. 
23. Find the length of the tangent from vi ni re "4 V 

( the point (6, 5) to the circle gà y? — 62 By +2420 5 / * 
(ii) the point (5; 4),to:the circle 8a? +3y? —40-2y- 20-055 

ra 


(iii), any, point on the circle 24:9? a? to the circle z?4-?-a'? 
KDE (a >a’), 


24. . The length of the tangent from (f,\g) to the circle wy? =6 is 


twice tho length of the tangent to the tircle 2?4- y? 32--3y —0 ; show 
Teel Va esit COE 1 


that f2+gi+4f+dg-+2=0- 
| 25. Prové that the lengths of the tangents drawn from any point on 


the straight line 6x-+4y+3=0 to the circles «2+y?—4e—6y+ 10=0 and 


aty? t8e+2y+16=0 are equal. "t Cd 
26. Find the equations of the tangents to the circle w? +y’ =41 at the 
points where v=5. ` t H tow Ai 
27.. Find the equations of the tangents to the circle w7-+y2=5 at the 
points where the straight line z-y-3250 meots;the curve. ee 
28. Write down the equation of the tangent to thé circle © 
(i) atypy? - guy 0, at thé origin ; e 
(GU) a? Fy? 8a 2y +820, at the point(75 —9).' 
ation of the tangent and the normal 
the point (3, — 1); 


29. Find the equ to the circle 
@ a? 4- y? — 42 8y+40=0, at 4 ; 
(ii) m +y’ +30 -4y- 670, at the point (—5, 2); : 
30. Ifthe tangents at (az, yi) and (£as Ya) on the circlé ey? +g 


+2/y+c=0 are perpendicular, show. that; ; 
2%, +YiYa oer 29) thy, ty.) 0 +f?=0. [C. U.) 
the tangent at the point (2, , y) to the 


31, Show that the equation of 


circle (e—a)?+(y— p)2?=r?, may be written as t 
(x-z) œ- aty) (y, -8)=0. [0.U.] 

i 32. Prove that if y-z sin aha sec a be a tangent to the circle 
w 4-y? -a?^, then coste =l. *[0. U-] 
33. Show that the circle s” +y? 2a —2ay +a" =0 touches the axes of 
wand y ; and find the chord of contact. ' (0.U.] 
on that the chord of contact of tangents from tho 

—a 


34, Find the conditi 
) to the circle 2? 4-y* a? should subtend a right angle at the 
DTO. U.] 


point (2i, Yr 
gents and the radii through the 


‘centre. 
[Hints : Th: 
points of contact is & S! 
35. Find the coordinate 
23a its points o 


e figure formed by the tan; 


quare.] 
s of the point of intersection of tangents to the 


circle x+y? f intersection with the line Tx —6y =9. 
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Answers : 
1. c? g?—10z-4- 2694-25 —0. 2. (i) 8; (ii) 10. 
ee 4. "(a4 B3—g3. =at BT, 
2} ( ene ras 24 -la - B* -a?) ; az By a? - B 
5. (i) e42y41-0; Gi) 7z4-11y4-5—0. 


6. The line cuts the circle in two coincident points (Le., touches it) 
at the point (—1, — 1). 


7. 2-3yk18-0. 8, (22m, S) 9. 3244y415-0. 
Jitma itm 

10. my+z=+aV 14m. ll. 42+3y+19=0, 47+3y—31=0. 

" —aN3). ROMS 

P. e hjeTI-0 425-9-0. 18, (9). 14. ( Je Fa) 

24-1 2 aoe 

15, (GP, t2). 16. (7,3), (2,8). 17. y-J3:x2]5. 


18. y-t43z42. 19. (i) O- ta mae; (ii) Aa--BB4-C 
=4a/4*+B? 20. (3,7), (—5, —1). 21. (2,3), (12, 7). 
22. x+y? -2a(z--y)-- a? 0 where a=$(2+ J 2). 


33. (3; — i) 5; (üi) Jar-g; 20. 5z--4y—41. 
27. z-2y-5,9z-y-6. 28. (i) 3a—4y=0 ; (ii) 3x-4y-41. 


29. (i)4z—3y—15, 3z4-4y—5; (ii) z--5—0, y-2=0. 


33. length of the chord=a,/ 2, equation to the chord : æ+y=a. 
94. 2,7+y,2=2a7, 35. ($, -2). 


VI-20. Locus problems : 


Problem 1. To prove that the locus of the middle points: 
of a system of parallel chords of a circle is a straight line 


passing through the centre (diameter) perpendicular 
chords, 


io the 


Let the equation of the circle be 
2^-by'—a* .-(1) and let m be the 
gradient of the system of parallel 
chords: so that the equation of any 
one of the system of 
AB, is given by 

y=ma+c * (8) 


chords, say 


[ See Art. IV-8 (1) ] 


-—- 
—ÁÉÁÀ 


THE OIRCLE 105 


If 4(z,, y) and B (vs, ys) be the points in which the line 
(2) meets the circle (1) then sı and £a must be the roots of the 


equation 


2? E (mz 4-c)* =a" 
d.e., z*(14-m3)4- 9mcz +c? — a? —0. 
If (h, k) be the coordinates of P the middle point ot AB, 
th —tit®%s__ me, 
en h aa ms ae Serre (8) 


Similarly, yi and ya are the roots of the quadratic in y 
obtained by eliminating z between equations (1) and (2), viz., 


(ico) n 


i.e.n y*(1--m*) - 2cy c? —a?m* =0. 
. E Pa s eid CUNT too Se 
ur xs DOSES ©) 


Now, to get the locus of P we require a relation between its 
coordinates h and & which must not contain c in order that it 
may hold for any value of c. 

Dividing (4) by (8), we have 
= ME a relation independen‘ of c. 

m 


h 
.. Substituting current coordinates, the required locus is 


‘given by 
yu ie y=- E x 
x m m 


‘which is clearly a line hrough the centre (0, 0) perpendicular 


to the chords. 


Problem 2. To fi ‘ p 
that the tangents drawn from it to a given circle are always. at 


nd the locus of a point which moves so 


Tight angles. 4 
Let the given circle be z3-4-y*—a*. a») (1) 
If P(h,k) be a point on the locus then the two tangents to 
(1) which pass through P must be at right angles. 
Now, any tangent to (1) is given by : 
y=mata J14-m* 
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os Lit passes through (Ah, i), then 


edi lo too E i-a VIFM” 
i.e., (5 mh)* —a*(1—m*), i ji 
ien m°(h?—a°)—2mhk +k” — a? —0: te (8) 


The roots m, and'ma of the last equation give the gradients 
-ofthe two tangents which pass through P: 

Since, the tangents are at right angles, we have 

à mims- —1. 


Hence, from equation (2), 


ig 
Dc eh Lila 
d.e. h’ +k’ =a. 


This being the relation between the coordinates of any point 
on the locus, we haye on substitution of current cdordinates, 
x?+y?=2a? 
as the required equation to the locus. 


The locus is clearly a 
concentric circle. : 


Problem 3. To find the locus of.a Point which moves so 
that the lengths of the tangents drawn from it to two given 
circles are always equal. 

Let the given circles be 

2^ +y?+29,0+9f,y+0c,=0 (1) 
and 2^ --y* 99.04 2f,y+o.=0 To (2) 
Let P(h, k) be any‘point to the locus. Then, if PT, PT’ be 


the tangents from P to the circles (1) and (2) the condition to: 
be satisfied by P is ` 


PT=PT' 
&e., PT? = PT"? i 
Hence, h?+h?+29,h+2fk+co ; 
"s TUER 9g, h--9f beo, +[Art, VT-15) 
[s 3g: =gh = f)k-+e, — 0,0. à 
4. The locus of (h, X) is given by 


X6; —.)x+2(£,=£,)y-+ 
fig = Cc1—c,-0 
which is clearly a sty aight ike : ay 1— Cs 
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[ The straight line is called the Radical axis of the two 
circles. Tt is also the common chord when the circles intersect. 
(See Art. VI 18.) ] 

Problem 4. To find the locus o f the middle points of chords 
of the circle z? --y* —a^ which pass through a given point (a, B). 

Let (h, k) be a point on the locus. Then the chord of the 
circle z?--y? —a? whose middle point is (h, I) must pass through 
the given point («, A). 

Now the chord whose middle point is 

(e—h)h+(y—k)k=0. 
If it passes through (@, f), we have 
(a—h)h+(B—k)k=0, ^ 
des h? +k? — «h — Bk— 0. 
Hence, the locus of (h, i) is given by 
x? +y?—ax-fy=0 


(h, k) is given by 
[ Art. VI-17 J 


which is clearly a circle. 
(Note: The locus is independent of the radius of the circle. ] 


EXERCISE VI(C) 


1. A(—a, 0) and Bia, 0) are two fixed points. A point P moves so 

that PA? 4-PB? is constant equal to 2k? (k>a) ; find the locus of P. 
Discuss the case when k=a. 

2, A point moves so that the sum of the squares of its distances from 

the angular points of 2 triangle is constant ; prove that its locus is & 

circle. [ 0. U. 1952] 


What can you say about th 
the sum of the squares of its distances from 


Prove that it always lies on a 
circle. [0 U-) 


4. A straight line of constant length 9] slides having its extremities on 
Find the locus of the middle point of the line. 


e centre of the circle ? 


3. A point moves so that 


the four sides of a square is constant. 


the axes of coordinates. 
5. A chord of constant length 27 is made to slide within the circle 


x?4+y%=a?. Find the locus of the middle point of the chord. 


6. The base of a triangle is fixed and its vertex moves so that the 


ratio of the sides is constant. Prove that the locus of the vertex is a circle, 


(Hints: Take the 
axis of z'and a line throug! 
the axis of y. ] 


middle point of the base as origin, the base as the 
h the middle point perpendicular to the base as 
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T. ^A point moves so that the square of its distance from the origin is 
2a times its distance from the straight line z+3a=0. Show that 
locus of the point is acircle and find its centre and radius. 

. What is the locus when the line is r= 

8. Prove that the locus of a 
is in a constant ratio to the tan 

+2924 2fytc=0, isa circle, 

9. A point moves so that the tangents fr 
are in a constant ratio. 


10. Ifa chord of the 
at the centre, 


the 


ja? 
point whose distance from a fixed point 
gent drawn from it to the circle arty? 


(0. U.] 
om it to two given circles 
Prove that the locus of the point is a circle, 
circle z? +y’ =a? 


always subtends a right angle 
find the locus of its middle p 


oint. 
{ Hints: The length of a chord having (h, k) its middle point is 
2a? (hFE) 
Ak, 


Prove that the locus of the feet 
origin on chords of the circle a +y? =a? 
(a, B) is a circle independent of the radi 

(Hints: If (h, X) bea point on the 
perpendicular to the line joining it to the origin must pass through the 
fixed point (a, 8)]. 


of the perpendiculars from the 
» Which pass through a fixed point 
us of the given circle, 


locus, then the line through (A, k) 


12. Find the locus of the middle Points of chords ofa circle which 
pass through a fixed point on the circumference, 


13. Show that the locus of the feet of the Perpendiculars from a fixed 
Point on a circle upon its diameters is another circle, and determine its 
centre and radius, 


14. Ifthe tangent from a point P to the circle g? +y? 
the perpendicular from P to the straight line la+my+n=0, find the locus 
of P, 


[C. U.] 
15. Whatever be the value of a, Prove that the locus of the 
intersection of the straj 


ght lines z cos a+ysin a= 
a=b, is a circle, 


a and ein a =y cos 
[ 0G. U. 1951] 
Answers : 
iu Ti tyrki aa; when k=a, the locus is a point-circle at the 
origin, 2. The centre of the circle is the centroid of the triangle. 
4 atty, 5. sty? =ar], 
ii EEN (a, 0), radius= a point-circle at (a, 0). 
€ €-Hry*-1g3 i 

which is AUN of a, ` y PUR d URL" 
9n the radius through the given point di 
13, tion to the ei 


2a; 


The locus is a circle described 
diameter, 
rele be x? 44292 
n the centre of the locus is € 
U +m’)? + 


If the equa 
point, the: 


14, 


and (a, 8) be the fixed 
2) and the radius is A 


tmy+n)?, 


ARE 
V —-a*)-us 15. s?+y?=a 4b, 


Dept. of Extension — 
MEN, SERVICE, 


Su 


PART TWO 


CONIC SECTIONS 


CHAPTER VII 
THE PARABOLA 


DUCUTTA-H 


VII-1. Definitions 
A Conic Section or simply a conic is the locus of a ‘point 
ves in a plane so that its distance from a fixed point 


which mo 
its distance from 


in the plane always bears a constant ratio to 


a fixed straight line in the game plane. 
The fixed point is called the Focus, the fixed straight line 


d the Directrix and the constant ratio is called the 
by the letter e. 
this ratio e on which depends the 


the moving point, and the curve is 


is calle 
Eccentricity usually denoted 
It is the magnitude of 


shape of the curve traced by 


called 
A parabola if e=1 
An ellipse if ecl 
and A hyperbola ife-l. 


Sections of a Cone : 

If a right-angled 
rotated about one of its sides, say OA, 
right angle, the surface 
generated by the hypotenuse OB is a Right 
Circular Cone. The point Q is the Vertex, 
OA is the Axis and the angle AOB is the 
i-vertical angle of the Cone. The point 
e known as the Base of 
rtex O to 


triangle OBA is 


containing the 


sem; 
B describes a cirel 
the Cone. The line joining the ve 
any point on the rim of the base is a 

Generator of the Cone. Jf the generators be G 

ed bəyond the vertex an equal and 8 


produc: 
d and the whole surface is called a Double Cone 


opposite cone is forme 
If a plane intersects 
the shape of which will 


II—1 


this surface the line of section will be a curve 
depend on the position of the intersecting plane. 
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(1) Ifthe plane be at right angles to the axis of the Cone, the section 
is clearly a Circle such as BC of the figure. 


At 
7 


Ü 
eer tose 
2 Q 


i 


B 
aen sens: 


(2) If we take an oblique section which intersects both the generating 
lines OB and OC, the resulting curve MN is a closed one called an Ellipse. 

(3) When the plane is parallel to a generator, we get a curve wbich 
extends beyond limit as the generators of the Cone are produced. The 
eurve is a Parabola—-as PQR in the figure. 

(4) When the plane intersects both the parts of the Cone we get a 
curve called a Hyperbola consisting of two branches DEF, D'E'F' in the 
figure, the branches spreadiag out continuously in opposite directions. 

(5) A plane passing through the axis of the Cone gives a pair of 
intersecting straight lines as GOG', HOH’. 

The curves parabola, ellipse and hyperbola are called Conic Sections 
because they are obtained as sections of a right circular cone in different 
positions. Although a circle and a pair of intersecting straight lines are 
strictly speaking Conic Sections, they are not generally so called and the 
name Conic is confined only to the curves parabola, ellipse and hyperbola. 


The eccentricity of a parabola being unity, we can define it 
as follows : 

A Parabola is the locus of a point which moves in a plane 
so that its distance from a fixed point in the plane is always 


equal to its distance from a fixed straight line in the same 
plane. 


The fixed point is called the Focus and the fixed straight 
line is called the Directrix. 


VII-2. Construction of the Parabola : 


To trace the parabola when the directrix and the position of 
the focus are given. 


Let S be the focus and MM’ the directrix, 
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Draw SZ perpendicular to MM’ and bisect SZ at A. 


Then since SA=AZ,A 

is a point on the parabola. 
Take a point N, on AS 
or AS produced and draw 
P4,N4Q perpendicular to 
ZN,. With centre S and 
radius ZN, draw an are 
cutting P,N,Q, at P, and 
Qi. Then P, and Q, are 
.poinís on the parabola, 
for, joining SP; anddraw- 
ing PM, perpendicular 
to MM’, we have clearly 


M 


SP,=4N, (by construction)=P1 Mı. 


Similarly, for Qi. 


Taking other points Ns, 


points Py, Qs, Ps, Qs, etc. 


Ns, etc, we similarly obtain the 


The curve drawn through 4, Pi, Qu Pz, Qs, ete. is a 


parabola. 


VIL3. Mechanical construction : 


The edge of the shorter arm MA of an L-shaped rigid framework is 
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placed coincidert with the directrix and one extremity of a string of 
length equal to the longer arm MB is tied at the end B of this arm, the 
other extremity being fastened at the focus S. The string is kept stretched 
by means of the point of a pencil at P in contact with the arm MB as in 
the figure. Ifthe frame be now moved so that the arm MA slides along 
the directrix, the point of the pencil as it moves will describe a curve 
which is a parabola, for 


SP+PB=length of the string - MB 
=MP+PB 
giving SP=MP. 


4 Hence, P describes a parabola. 


VII-4. Equation of the Parabola : 


To find the equation toa parabola referred to the axis and 
directrix as axes of coordinates. 


Let S be the focus:and MM’ the directrix. Draw SZ 
perpendicular to MM’ and produce 
ZS to X. Then ZX is the axis 
of the parabola. Let ZX, ZM be 
taken as the axes of coordinates. 

Suppose that the length 7S= 2a, 
so that the point S is (2a, 0). 

Let P (x, y) be any point on the 
curve. Join SP and draw PN, 
PM perpendiculars to the axes. 
Then the condition satisfied by P is 


SP=PM 
<. SP?=pM?=ZN? 
ie., (z— 2a) +y? =a? 


(hts y^ —4a(x— a), on reduction. 


: This being the relation between the coordinates of any : 
point on the curve is the required equation to the curve. 


VII-5. The standard equation : 


" In the figure of the previous article, let A be the middle 
point of ZS, so that its coordinates are (a, 0). 


It we now transfer the origin to this point without changing. 
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the directions of the axes, the equation is transformed 
into 

Aa(z d-a — a) 

3.6. y^-—4ax 


whieh is the equation to the curve referred to 4X and the line 


through A parallel to the directrix as axes of coordinates. 


axes as has been made here leads to the 


The choice of 
It is therefore 


simplest form of the equation to a parabola. 
taken as the Standard equation to the curve. 


We may, however, derive the standard equation independ- 


ently thus : 
Lat S be the focus and 
MM' and 


MM the directrix, Draw SZ 


perpendicular to 
bisect SZ at 4. 

Produce ZS to X. Draw 
AY perpendicular to AX. 

We choose AX and AY as 
axes of coordinates. 

Let P (a, y) be any point 
on the curve. 

Join SP and draw PM per- 
MM’ and PN 


is! 


pendicular to 
perpendicular to AX. 
Let SZ be called 2a, so ™ 
that SA=AZ=a. 
Now, the condi 
a point on the locus; is 
SP=PM 
Sp-PM*-ZN. 
il., (x —a)* -y? =(eta)" 


-which on reduction gives 
y` =4ax 


tion satisfied hy P in order that it may be 


as the standard equation to the parabola. 


VII-6. Definitions : 


Axis. The straight line (4X) drawn through the focus 
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perpendicular to the directrix is called the axis of the 
parabola. 


Vertex.—The point (A) where the axis of the parabola meets 
the curve is called the vertex of the parabola. 

Double ordinate.—A straight line drawn perpendicular to 
the axis of the parabola and terminated at both ends by the 
curve is called a double ordinate. 

Latus rectum.—The double ordinate (LSL') passing through 
the focus of the parabola is called the latus rectum or the 
principal parameter of the curve. 

Tt will be shown later that 


LSL'—-448 [ Ref. Art. VIT-10 ] 


VII-7. Property of the curve expressed by the standard 
equation : 5 

The standard equation of the parabola corresponds to the 
geometrical property of the curve viz., PN* 2 44S.AN, which 
may be stated as : 

The square on the ordinate of amy point on a par 


equal io the rectangle contained by the latus rectum 
abscissa of the point. 


abola is 
and the 


VII-8. Shape of the curve : 

Consider tbe standard equation y? —4az, 

@ Corresponding to any positive val 
Opposite values of ; , showing that chords 
curve are bisected by the axis an 
the axis of z, 

(ii) When «=0, we 
that the line z =0 ie; th 


where a is supposed positive, 

ue of a we get two equal and 
perpendicular to the axis of the 
d hence the curvo is symmetrical about 


get two equal values of y namely zero, showing 
e y-axis passes through two coincident points at 
A and hence is a tangent to the curve at the vertex, 

(iii) If x is negative 
curve to the left of the y-a: 


(iv) With the increase of z in magnitude 
that the curve graduall 


on both sides of it, 


yis imaginary ; hence there is no point of the 
xis, the curve lying wholly to its right. 


y also increases, showing 


y recedes further and further away front the a-axis 


Brom the peculiarities of the curve obtained above we can form anides 
as to its shape which is ag Shown in the figure of Art. VII-2. 
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VII-9. Other forms of the equation : 


(1) Tf the axis of the curve is 
taken as the y-axis and the 
tangent at the vertex as the x-axis, 
then the relation S. ?— PM? now 
gives 
(u—a)* +a? =(y+a)*, 


i.e. x?-4ay 


as the required equation. 
(2) It the concavity 

direction of the axis of v & 

the focus is to the left of the ver 


à. being positive, the equation to the para 
yl- —4ax. 
e curve is entirely to the left of 


of the curve is towards the negative 
s in fig. (i), then since in this case 
tex and has coordinates ( — a; 0); 
bola will be 


Here, c is negative and th 


the y-axis. 


the equation is 
x2= —4ay 
e is concave toward 


(3) Similarly: 
if the curv s the negative direction of ua 
axis of y. | Fig. (ii) ] 
VII-10. Latus rect 
From the equation 
parabola, we have 


um (LSL) : 


y? —4az, since L is a point on the 


SD —4a.AS 
—4a.a 7 49.. 
1 SL - 92a 


Hence, LSL 48 
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Cor. When the latus rectum of a parabola is given; the 
equation to the parabola is at once known in its standard form. 

VII-11. Axis parallel to x or y-axis : 

Let the coordinates of the vertex A be (a, f) and let the 
latus rectum be 4a. Draw AX’, AY’ parallel to the axes. 

(i) Let the axis of the 
parabola be parallel to the 
axis cf v, i.e., along AX’. 

Olearly, with reference 
to AX' and AY' as axes of 
coordinates the equation to 
the parabola is 

y^ —4az 


If now we transfer the 
origin from A to O retaining 
the directions of the axes, we get its equation referred to OX 
and OY as axes of coordinates. ? 

The point A4 being (a, B), the coordinates of O referred to 
AX’ and AY’ as axes are clearly (— a, — f). 

Hence the transformed equation is 

(y —8)* 2 4a(x — a) 
This, therefore, is the required equation to the parabola 


whose vertex is (a, 6) and whose axis is parallel to the axis 
of a, 


(it) If the axis of the parabola be parallel to the axis of V. 
then arguing as in (i), we write z-a and 
equation 2^ =4ay and obtain 
(z-a)? — 4a(y — £) 
as the required equation. 
Otherwise: The equation of ( 
thus : 


The point S is (a--a, B), 


“ie SP* ={e—(a+a)}?-+(y—8)?, 
Also PM=ZN=ZA+AN=a+(2—a), 
Hence, from the relation Sp? —PM?, we get 


(e- aa) Hy — 8) - (s— a- cay. 


y — P for x and yin the 


1i) can also be derived directly 


` 
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(y— B) —(c— +a)" —(z—a-a), 
je, — (y By — 4a(u— 0). 
VII-12. Form of the equation when the axis is parallel 
to x or y-axis : 
From the equation (y— B)? —4a(z— a), we have 
Jar 9yB 4- B^ — 4ax — 4ac, 
4az — y? — 9By-- B* +4a0, 


or, 
meas E B? +4aa 
tbis zm EUN TA 
which is of the form 
x=Ay°+By +C. [ axis ll a-axis ] 
Similarly, the equation (z—«) = 4a(y — B) can be put in the 
form y-Ax' +Bx+C [ axis Il y-axis ] 


where A, B and C are constants. 
VII-13. Determination of the vertex of 
(i) c— Ay? + By C 
(ii) y= Ax? - Bo C. 
(i) The equation can be written as 


y^ e j = "i 
or, Lares j 


Comparing this with the equation 
(y — 82 —4a(z — €) 
of which the vertex is (a, B), we at once obtain the coordinates 


of the vertex to be 
B?-44C Lu 
IRURE EROR NI 


{ii} Asin (i) the equation can be written as 
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whence, the coordinates of the vertex are 


— Bond B3-440 
94 Qu 


VII-14. General equation of the parabola : 

To find the equation of the parabola when the coordinates of 
the focus and the equation to the directrix are given with 
reference to a set of rectangular axes. 

Y, M Let S (a, B) be the focus and 
Az+By+C=0 be the equation to 
the directrix. 

It P (X, Y) be any point on the 
curve, then the Seometricalcondition 
Satisfied by P is, SP=PM where 
PM is the perpendicular from P to 
the directrix, 


Now SP*=(X-a)*+(y- b)? 
p —(AX+BY+0)? 
fo) X and PA TUVEBEZEPI S 


We have (X — a)? T(Y-8) -(x dO 


Hence, (X, y) satisfies the equation 
Az-- By-- 0)? 

REUS arab OE 

which is therefore the required e 


equation is of the Second degree 
The above equation can be w 


quation to the parabola. The 
in z and y. 
ritten as 
(A'S BP Ey?) ofast By) go 
— (4o By? — 2C(4z-- By) - 93 — 0. 

If from the left-hand member of th 
terms of the second degree in z and 
these terms 

—(4* B*)(z? +y?) —(Az+ By)? 
= A?y? + B2g? — 2ABzy 
=(Bz- Ay)? 
which is seen to be a perfect Square, 
This will be found to be the case in the equation to a 


e equation we collect; the 
Y, the expression containing 
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parabola in any of its forms. We therefore conclude that— 


Tf the general equation of the second degree Viz. 
az? Shy toy? 99e 9/6 —0 
represents à parabola, the terms of ihe second degree in the 


equation 

d.e. aw? +2hey+by" 

must form à perfect square, 
ab-h* 

The general equation 


(Ix-- my)* 426x-+2fy+c=0. 


for which we must have 


of a parabola is therefore of the form 


VII-15. Position of a point (xi; yi) with respect’ to 


the parabola y?=4ax: 


Let P be the point (v1 yı) and let Y P 


PN drawn perpendicular to the axis á 
meet the curve in Q. 5 
Now Q being a point on the para- 
OMS 'N X 


bola whose abscissa is V1, We have 


QN? —4az; 


Glearly, the point P (a1, yı) is out- 


or inside the parabola 


=or < QN 


side, on, 


i.e, accordin 
f E 3 
d.e, according 88 Yı 


H H 2 H ma 
i.e, according as the expression Ji —4ax, is positive, zero 


or negative. 
to two parts, one containing the 


Note: The curve divides the plane in 
t containing it. We describe the former as ‘inside: 


focus and the other no 
the parabola’ and the latter «outside the e 


WORKED OUT EXAMPLES 


1. Find the vertex of the parabola 


gy? toy 42-6 —0. 
Dividing both sides of the equation by 3, we have, 
y? t= -$v-$ 


Ex. 
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or, (y+1)? =-$r-§+1 
--42-i 

or, (y--1)* 5 — 4(s4-1), 

Comparing this with the equation (y—8)*—4a(z—a) of 
“which the vertex is (a, B), we get the required vertex to be the 
"point (—1, — 1). 

Ex.2. Find the latus rectum, 
directriz of the parabola 

g? —6s+4y+1=0. 
The equation can be written ag 
(z- 3) — -4(y= y) 
"which shows that the vertex is the point (3, 2), 


vertex, focus, axis and 


Referred to parallel axes through 

O'(3, 2) the equation reduces to 
q^ — —4y 

Comparing this with the equation 
v——4ay [ Art. VIT-9 (3)] 
we find that the curve is coneave downwards, t 
(74a) being of length 4 and the 
and focus (=a) being equal to 1. 

If then S be the focus, 
the focus are 3 and is 

The axis is a line through O'( 
hence its equation is ¢=3 while 


he latus rectuni 
distance between the vertex 


O'S—1,so that the coordinates of 


3, 2) parallel to the y-axis and 


the directrix is a line through Z 
Parallel to the a-axis where Q0'Z —0'S—1, its equation being 


y=3. 
We therefore Set the following results : 
(4) The latus rectum — 4, 
(ii) The vei is the point (3, 9). 
(iii) The focus is the point (63510), 
(iv) "The axis is the line z— 3, 
(v) The directrix is the line y=3. 


Ex.3. Find the equation of the parabola whose focus is 
the point (2, 1) and whose directrix is the straight line 
42 —3)— 1, and determine the length of its latus rectum. 
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If (x, y) be any point on the curve then the distance of 
v, y) from the point (2, 1) must be equal to its distance from 


` the line 4z—3y-—1. This gives 


4c 


JMe=2 Fly =1) = 


Squaring both sides, we get 
ety? iy woe enn —94zy — 8z-6y-- 1 
25 


which reduces to 
9x" -L94zy-- 16y" — 922 — 56y --194 — 0. 
This is the required equation. 


Also the length of the perpendieular from the focus on the- 


directrix is 


Hence, the latus rectum which is twice this distance is ge. 


EXERCISE VII(A) 


f the following parabolas : 


1. Find the equations 0 
irectrix 2= -3; 


(i) Focus at (3, 0 d 
(ii) Focus at (0; 0); directrix 2 — —6; 
(iii) Focus at (—6, 0); directrix 7=0 ; 
(iv) Focus at (0) 6), directrix y=0; 
(v) Focus at (0, —3) directrix y=3 ; 
> (vi) Focus at (0: 0), directrix y=. 
2. Find the equations of the following parabolas : 
(i) Focus at (—1, 2) directrix =—5 ; 
(ii) Focus at (7-1. —2), directrix 
(iii) Focus at (b 1)» directrix y 
(iv) Focus at (-1l, — 2), directrix y=2- 


o the parabola B 


3. Find the equation t 
t the origin and whose directrix is the straight 


(i) Whose focus is 8 
line an+y—-1=0 a LC. U. 1954] 
(ii) Whose focus is the point ( —1, 1) and whose directrix is the 
LC. U.] 


straight line a+ytl=0- 
Also determine the Jength of the latus rectum. 
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4. The parabola y2 =4pz goes through the point (3, —2). Obtain the 
length of the latus rectum and the coordinates of the focus. [ C. U.] 
5. Find the vertex of the parabola : 
(i) z*—62—-8y—-7-0; 
(ii) 2y?—6y-r5r4-7—0. 
6. Prove that the equation 
y^ +2ac+2by+c=0 
represents a parabola whose axis is parallel to the axis ofz. Find its 
vertex. (€. U. 1953 J 
7. In the parabola 
4(y—1)? =—7 (x—3) 
find (i) the latus rectum and (ii) the coordinates of the focus and 
vertex, [0. U. 1956] 
8. Find theJatus rectum, vertex, focus, axis and directrix of the 
following parabolas : 
ü) y*—-2y--8x-23-0; 
(ii) a?--8z--12y--4— 0. 


9. Findthe equation to the parabola whose axis is parallel to the 


y-axis and which passes through the points (0, 4), (1, 9) and (—2,6) and 
determine its latus rectum. 


10. Show that the latus rectum of a parabola isa third proportional 
to any abscissa and its corresponding ordinate. [C.U.] 


4px is of length 8p 3 prove 


ll. A double ordinate of the curve y?= 
that the lines from the vertex to its two ends are at right angles. 


[ C. U. 1952] 
Answers 
4. (i) y?=120; i) y*'-12(043); (iii) y? =12(x+3), 
(iw) 2*212(y-3), w) z3=-12y; (vi) s? 12(y— 3). 
2. 0) (y-2) -8(c43); (ti) (y+2)2=—8(@-1) ; 
(tii) (w—1)? =8(y+1); (v) (w+1)?=-8y, 


B.Ü) z*-4y? -42y-4m4-2y—1-0, 245; 
(ii) 25 +y? -2zy -2z —6y4-3—0, J2. 


4. $0. 5.0) (3, -2); G) (-4) i). 
b- 
6. ^ =b). 7.) 2; (it) focus (43, 1), vertex (3, 1). 


8. (i) Latus rectum —8, vertex (3, 


1), focus (1, 1), axis y=1, 
directrix z—5, 


(ii) Latus rectum=12, vertex (-4, 1), focus (-4, =2) 
2-4 —0, directrix y=4, RS 
9, y-22* 3044 4, 


axis 
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VIL16. Tangent at a point : 
To find the equation of the tangent to the parabola y? —4ax 


at the point (21, Y1). 
Let P be the given point (zi, yi) We take a point Q on the 
parabola close to P. Let its coordinates be (zs; Ya). 


_ The equation to PQ is 


ZYY 
y- = aids ne f 
y vi ER i) (1) 
But J1 =4ar, and Yo? — 4a 


whence ya? — ya? — 4a(ss — 21) 


Yo —1 4a 
s eon tee - (9) 
Substituting from (2) in (1) we get 
4a 
= JC (z * 24) 
which then is the equation of the chord PQ of the parabola. 
If now Q tends to coincidence with P, the chord in this 
limiting position becomes the tangent at P. The equation of the 


tangent, obtained by putting Y2 =Y1 in the above equation is 


y—i 


thus 
2a 
ia ae (w= a1) 
SER; ys — yi^ = 24k — 2a; 
Ray yy, =2a(x+%s) since Ji" = 4003. 


Alternative method : 


If (x, y) be a point on 
then 
=da(et+ dx) and y? =4ax 


the curvo and (w+5x, y+ dy) another point on it 


close to (z,» 91); 
(y+ òy) 


By subtraction, 2yóy- óy2-4aór 


4a 


y. 
whence Sw “5y4 dy 


dy_ tim vim ty e čy>0 when ja e 


dz 5950 99 0y20 
yı) is therefore 2a, 


The gradient of the tangent at (23, $i 
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The equation of the tangent is then 
; iowa ‘ 
y-n-y (ez, 
whence the equation 
yy, =2a (x+x,) 
readily follows. 


Note: It will be seen that the rule to write down the equation of the 
tangent to the circle as laid down in Art. VI-11, Note, applies to the case 
of the tangent to the parabola as well. 


VII-17. Condition for tangency : 
To find the condition that the straight line y=ma-+e should 
touch the parabola y* = 4aa. 


The points common to the line and the eurve are found by 
solving the equations 
y* =4ax and y=ma+te. 
The abscisse of the points of intersection are therefore 
given by the roots of 
(ma+c)? =4az, 


$e. of m°a*+2n(me—2a)+c2=0, 003 Dun (1) 


Ifthe line isa tangent, the two points of intersection co- 
incide and hence the equation 


The condition for this is 
4(mc — 2a)? = 4m?62, 


(1) must have equal roots. 


il., —4amc4-4a? — 0, 
or, c=&, 
m 


Remark 1. The equation (1) being quadratic in z has two 
ESO and so the line meets the parabola in two points, These 
points of intersection are real or imaginary according as the 
roots of (1) are real or imaginary, i.e., according as 4(moc — 2a)? 

: 2 j 
> or «4m*c?, ie, according as —dame+4a2 > or < 0, 
$6, according as me < or > miese «& or 2» d. When the 
r Fei 5 : 
oots are imaginary, geometrically the line does not meet the 


curve at al]. 
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Remark 2. The equation (1) has one root infinite if the 
coefficient of z? is zero, i.6&, if m=0. But when m=0, the 
equation of the straight line reduces to y=c. Henee, we 
conclude that a line parallel to the axis of the parabola meets 
it in one point at an infinite distance from the origin. 


VII-18. Tangent in a given direction : 


If the gradient m of a line is given, we find from the 
previous article that the value 7 of c will make y=max-+e 


a tangent to the parabola y?-4az. Hence, corresponding to 
any given gradient m (except when m=O), there is always a 
tangent to the parabola given by the equation 


y=mx+—. 
m 


VII-19. Point of contact : 


The line y=me +4 -+- (1) is always a tangent to the para- 
m 


bola y? —4az ::: (2). 


If we solve the equati 
coincident points in which the line (1) meets the cur 


the point of contact. Substituting for y, we get 


3 
(oz) — 4az — 0, 
m 


ons (1) and (2) we shall get the two 
ve (2) ies 


2 
CLAE 
or, (ma a) 


s= which is the abscissa of the 
m 


point of contact. 


26 sio ; 
Substituting for zin (1), we have 9—,4 giving the ordinate. 


The point of contact is therefore 


e 


VII-20. Number of tangents from a point : 
To prove that two tangents, real or imaginary can be drawn 


from a point to à parabola. 


I1I—2 
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Let the equation to the parabola be y* —4az and let (21, y1) 
be the given point. 


The line y—mz-4 c oo as (f) 
m 

is always a tangent to the parabola y? =4ax, and for different 
values of m it represents tangents in different directions. We 


are required to prove that two of these pass through the 
given point (zı, y1). 


If (1) passes through (%4, Yı), we have 


a 
Yr =me,+ —, 
m 


or, m?z, —my, +a=0. je (3) 


The above equation is quadratic 
two values of m correspondin, 
tangent passing through (z,, Ya). 


in, m and therefore gives 
& to each of which we have a 
Hence, two tangents can be drawn f 


rom the given point to 
the parabola and these are 


y=m,x+— 

m; 

and y=m,x+— 
Me 


where m, and ms are the roots of the equation (2), 
From equation (9), 


(i) 1t y,? — az, is positive, i.e., the point (,, 
the parabola [ Art. VII-5], 
and hence two distinct tang 


Yı) is outside 
we get two real and distinct roots 
ents can be drawn. 


(8) Tt y,? —4a2; is zero, 


We get two equal roots ani 
coincident, 


t.e., the point is on the parabola, 
d hence the two tangents become 


(iii) Yt y,? 
the parabola, 
the ta ngents 
be drawn. 


~ daw, is negative, i.e., the point (vı, y4) is inside 

We get two imaginary roots and in this case both 

are imaginary i.e., geometrically no tangents can 
r 
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VII-21. Normal at a point : 

To find the equation of the normal to the parabola y*-—4az 
at the point (a1, Yı). 

The equation of the tangent at (zi, yi)is 


yy; — 2a(z4-21), 


4 9a, Bax 
ien y= Ert, id dus 
Yı Yı w 
.. The equation of the normal which is a straight line 


through (24, Y1) perpendicular to the tangent (1) is 


(2) 


y—yi 7 m(z—21) 
mx ac Filg i.0., 

Yı 2a 
Hence, substituting for m in (2) the required equation is 


(3) 


where 


Vin Ya ae 2n (x-xi). 
VIL22. Equation of the normal in terms of its 
gradient : 

In equation (3) of the last article, we put 
-$.—m (1) 


2a 


m therefore represents the 


From (1), y, = 7 22m. 
Since, (ta; yı) is a point on the parabola, 


2 
Yi —am? 
Bit AVID i 


gradient of the normal. 


The equation of the normal then takes the form 


y +2am=m 


8 
y=mx-2am-am H 


(xz — am^), 

ide (2) 
Also the foot of the normal, that is, the point of the curve 

at which (2) is a normal has coordinates 

(am?, 22m) 
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VII-23. Number of normals from a point : 
To prove that, in general, three normals can be drawn from 
a point to a parabola. 
Let (71, Yı) be the given point. | 
The equation j — mz— 2am — am? nat A) 
is a normal to the parabola y^ —4az. 
We have now to choose m so that (1) may pass through. the 
point (71, 91). 
We get y1=ma,—2am—am*, 
or, am®+(2a—a,)m+y,=0. Wm sos 163) 
. The equation being of the third degree in m gives three 
values (real or imaginary) of m corresponding to each of which 
we have a normal passing through the point (#1, Y1). 


Hence, three normals can be drawn from a point to a para- 
bola and these are z 


j-—mic-—92am;-—am;? 
1j —mat— lam — ums? 
j-—maz-—9ams — ams? 
where m4, ma and Ms are the three roots of the equation (2). 
The feet of these three normals are respectively 


(am; ?, — 2am), (ams? , — 2ama), (ams?,—2ams). 


VIL24. Co-normal points : 


Def.: The feet of the three normals drawn from a point 
to a parabola, that is, the points of the curve the normals at 
which meet in a point are called co-normal points. 


V1L25. An important property of co-normal points : 


From the equation (2) of Art. VIT-23, we get (since there is 
no term containing m?) 


m3-F ma -- mg — 0. 
—2am4 — 2am, — 2am — 0, 


Le, the algebraic sum of the ordinates of the three co-normal 
points is zero. 


| 
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WORKED OUT EXAM PLES 


Ex. 1. Find the length of the chord intercepted by the 


y? =4ax on the straight line y= mac. 


parabola 
d the parabola are 


The points common to the straight line an 
g the two equations. lf then (zi, Ya) and 


found by solvin 
points, 21 and #2 must be the roots of 


(ao, Ya) are the common 


the equation 
(ma-te)” =4az, 


4.8. mea? 4-9(mc — 9a)z-4-c^ —0. 


(vi =e)? (cius) —4v19o 


Hence, 
_Alme —9a) _ 4c^ 


m* m 


= E {(me —9a);— ne] 
m 


= 
it ta = g vala ~= me). 
m 
Again, since (C) and (vs, y.) are points on the line 
y-—mc-rc, we have 
Y= mai +c and Ye 


). 


=mta t0. 


yı -ya = mlz -ts 


the required chord 
F (zs = ay) ta Zya)" 


- (a, 8s) NETS 


a 
4 ala - moy m 


Hence, 


the equations of the tangent and normal to 


the parabola y? =12u at the point (3, - U 
i i ith y -4az, we get a=3- 
Comparing the equation wit 
omparing — 9a(z-d-2,), Ogi 


Hence, on substitution in yyi ^ 
6)-2.3 (c+), 


‘Ex. 2. Find 


tla 
as the requi 


red equation to the tangent. 
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The equation to the normal is 


excess) ps 
y-(-6) ag (0-3) 
4.6., yT6-72z-3, 
4.0., $—17-9. 


Ex. 3. Prove that the straight line æ+y=1 touches the 
parabola y°—y+a=0, and find the point of contact. 


The ordinates of the points in which the line meets the 
parabola are given by the roots of the equation 


y^ —y+(1—y)=0, 
i.e., (y—1)*—0. 


an y=1, 1. 


The roots being equal, the two points of intersection coin- 


cide and hence, the line is a tangent. ( 


Putting y=1 in the equation a+y=1, we get z=0, 
Hence, the point of contact is (0, 1). 


Ex. 4. Find the point of the parabola y? — 


4az, at which 
the normal is inclined at 30° to the axis. 


[ 0. U.] 
We have, 7.— gradient of the normal i 
— tan 30° 


Ja 

N83" 
Hence, the required point, t.e., the point at which the 
normal has a gradient m has coordinates am? and —2am 


[ Art. VIT-22 | 
ien 2 and— 2a 


3 A3 


Ex.5. Find the equation of the common tangent to the i 


WO 
parabolas y*=4ax and x? —4by. 


The equation of any tangent to the parabola y* —4az is 


y— ma 4-2-. 
m 
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This line will touch the other parabola z? —4by, if the roots 
of 
z? =40(me+4), 
m 
i.e. of ma? —4bm°x—4ab=0 be equal. 


The condition for this is 


16b2m* =4.m( — 4ab), 
é Ae 
1.6., m » 
y 1 Sela i 
i.e. m= (3) h 
Hence, the required equation of the common tangent is, 
__{a\3,—al2\2 
v=- GPs C 
aq 9 
ib. y= — abs - ab, 
2 apy tats? 
4.0., ae -b3y - a? b =0. 


EXERCISE VII(B) 
l. Find the equation of the tangent and normal to 
(i) y? =4a at (1, 2) 3 

(ii) z*-— 12y at (6, -3); 
(iii) g3-8»atthe ends of the latus rectum ; 
(iv) eo? +20+y=4 at (—2, 4). ¢ 
s have the same vertex and their axes are at 
t again at an angle tan” *}. (0. U.] 
gent to the parabola y* =4ax. 
arabola y?-4ax 


2. Two equal parabola 


right angles. Prove that they cu 
a tan 


3. Prove that y-ict28 is 
4. Obtain the equation of tho tangent to the p: 
which makes an angle 60° with the axis of v. 
B. Find the equation of the tangent to the parabola 3y* —4z which is 
perpendicular to tho straight line grt 4yt+5=05 also determine the point 
of contact. 
rabola y? — 87 


6. A tangent to the p9 1 $ 
2 POA i d its points of contact. 
etra; 5 vi 5. Find its equation an 

ight line y 2324- [0. U.] 


dinates of the point of intersection of the two 


g+% to the parabola y?=4ax and 
m 


makes an angle 45° with the 


7. Find the coor 


tangents yemz4 and y=" 
m 


dition that this point may lie on the latus rectum. [C. U.] 


deduce the con 
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8. Find the condition that the straight line la+my+n=0 may touch 
the parabola y? = 4ax. [C. U.] 


9. Show that the line y=mz-+c touches the parabola y? =4a (x+a) if 
c—am4- and hence, find the tangent to the parabola y? —8(z4-2) which 
m 


makes an angle 45° with the axis of x. i 
10. Two equal parabolas have the same vertex and their axes are at 


right angles ; prove that the common tangent touches each at the end of 
a latus rectum. PO U.) 


11. Find the equation of the common tangent to the two parabolas 
y? =32x and x? =108y. [o.U.] 

12. A straight line touches both x? +y?=2a? and y? =8ax ; show that 
its equation is y= -- (z--2a). [ C. U. 1955] 

13. For the parabola y? — 8x form the equation of the two tangents 
which pass through the point ( —2, 25). Also find the angle included 
between them. [ C. U. 1957 ] 

14. Prove that the normal to the circle x? Ty*c4z-2y-8-0 at the 
point (1, 1) is a tangent to the parabola 9y? — 8x. 

15. Obtain the equation of the tangent and normal at the point 
(am?, 2am) on the parabola y? =4az. 

The normal to the parabola at (am,?, 2am,) meets the curve again at 
(am,?, 2am,) ; prove that. m,?+m,m,+2=0. [C. U.] 

16. Find the point of the parabola y?—8z at which the normal is 
parallel to the straight line %—2y+3=0 ; also determine the equation to 
the normal. 


177 


Find the coordinates of that partienlar point on the parabola 
y? —4az, the normal at which, —terminated by the axis, is equal in length 
to the latus rectum. [ €. U. 1956 ] 

18. Find the length of the normal chord of the parabola y? =42 at the 
point whose ordinate is equal to its abscissa. 


19. If (at,?, 2at,) and (at,*, 2at,) be the extremities of a focal chord 
of the parabola y? =4az, show that 1; í42 —1. 


Answers : 
l ü) y-etlozty-3, Gi) zy-23,2—y-9; 
(iii) v—y+2=0, æ+y=6 and s+y+2=0, z—-y=6; 
(iv) y -2z--8, v+2y=6. 
4. 3:— J3y--a-0. 5. 10z—12y-L3—0, ($5, 3). 
6. %—2y+8=0 and 22 y-- 1-0 ; points of contact (8, 8) and (3, —2) 
respectively. 


Ue ano (arh) mm’ i. 8. In=am?. 
ll 2z--3y--36—0. 13. z—3y--18-0, 9z--3y--2—0 , 909. 


15. my=%-+am?,y+me=2am+am, 16. (à, —2), 2—4y=9- 
17, (8a, 4243). 18. B5. 


9. y-244. 
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VIL26. Chord of contact : 
1 To find the equation of the chord of contact of tangents 
drawn from a point (m, ya) to the parabola y? —4aa. 

Let T4 (1, P3) and Polo, Bs) be the points of contact of 


tangents from the given point 
P (x4, yx) to the given parabola. 

The tangents at T, and Ts are 
respectively 
yB, = 2a(e +41) 
yBs— 9a(z 4-3) 
gents pass through 
yifi— gals +41) 
= 9a(2s X2). 
tes (a5, Bx) and (es, Ba) both 


and 
Since these tan: 
P (21, Yı) We have 
and Yabe 

d that the coordina 


We fin 

satisfy the equation 
mE 

Hence, the points T, and T, lie on 


the straight line 


herefore the required equation of the chord of contact. 
VII-27. Diameter of the parabola : 
^ points of a system of parallel 


(1) 


which is t 


" ^ 


system of par 
tion of any One 
AB, is given by 

yzmateo cU (2) 


different values of c givin! 


chords of the system: 
It Alei» yi) and B (zs; ys) be 


the points 17 the line 2) 


which 
and Yo are the roots of 


meets the parabola (1), then Yı 
24a ye ; 


2 m 
4.&., of my” — 4ay + 4a0=0- 
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If (h, E) be the coordinates of V, the mid-point of AB, then 


PESE +y: —2a 
2 m 
The result being independent of c must be true for all values 
of c, that is, for all the chords of the system. In other words, 
the ordinates of the mid-points of all the parallel chords of the 


system will be the same and equal to a: Hence, the locus is 


_ 2a 
Y7m 


which is a straight line parallel to the axis of m. 


Definition. The locus of the middle points of a system of 
parallel chords of a parabola is called a diameter, 


VII-28. Chord having its middle point given : 


To find the equation of the chord of the parabola y? —4az 
which is bisected at a given point (a, B). 
Since, the required chord 


passes through (a, f) 
must be of the form 


its equation 


y-B=m(a—a) ... oh (ti) 
where m has to be found out. 
Also (a, B) being the middle point of the chord must lie on 
the diam 


eter Corresponding to the system of chords parallel 
to (1), 


The equation to this diameter js yl. 
m 


2a ; 9 
Hence, B=“ from which, m==% 
m 


Substituting for m in (1), the required equation is 
y ~ A= 28 a), 


diameter, 
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ponding to the system of parallel chords 


The diameter corres) 
fferent 


y-mz--c where m is constant and c is different for di 
chords is given by 
q2, 
m 


It meets the parabola y? =4ac where 


d P ord 
*. The point of intersection is (5s 
m m J 


The tangent at this point is 
9 
y= 200+ a) 
m 
QU y=mr+^ 
m 
rallel to the given system. 


and is therefore pa 
oint on a parabola às bisected at 


9. The subtangent of any P 
the vertex. (AT — AN) 


Def. : The subtangent of any 
e axis intercepted betwee 


point on a parabola (or conic) 
is the portion of thi n the tangent and 


the ordinate of the point. 
| 


D 
1 
i 
1 
1 
1 
i 
1 
1 
1 
1 


Let P (aa, qa) be a point on the parabcla y? —4az. 
The equation ot PT the tangent at P is 


yy, 7 2al +21). 
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At T, where this tangent intersects the a-axis, 


y=C. s. f= Tay (the negative sign indicating 
that T is to the left of A) 
, ©. AT-z, (numerically), also AN=2,. 
'.. AT=AN 


"which proves the proposition. 


3. The subnormal of any point on a parabola is constant 
and equal to the semi-latus rectum. (NG —94A8) 


Def. : The subnormal of any point on a parabola (or conic) 
‘is the portion of the axis intercepted between the normal and 
ithe ordinate of the point. 
Let P (x1, Y1) be any point on the parabola y? — 4az. 
[ See fig. of Prop. 2 J 
The equation of PG, the normal at P is 


y- yi - 3 (a — g,), 
2a 


At G, where this normal intersects the z-axis 
É y=0. “. =r +20 
Qo AG — AN+ 9a, 
a, NG=24 (constant) 
=3X 4a 


=3% latus rectum, 
4. Ifthe tangent and norma, 


lat any point P of a parabola 
"meet the axis in T and G 


respectively, then 
ST=SG=sp, 
-Let P (2,, y1) be any point on the parabola y?=4aa. 
[ See fig. of Prop. 2 J 
-From Prop. 2, AT=a,. Me Sm pta 
‘From Prop. 3, AG — z, +24. SG=g, +a. 
-Also, the focus S being the point (a, 0), 
we have SP= A(z, —a) +y? 
Ue i M à 
= W(z;—a)*-c4az, [7j (71, y1) is a point 


9n the parabola ] 
=g; +a: : 


Hence, ST=SG= SP, 
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5. The portion of the tangent at any point of a parabola 
intercepted between the point of contact and the directriz 
subtends a right angle at the focus. (4 PSZ —907) 


Let P (x3, Yı) be a point on thesparabola y^ —4az. 
[ See fig. of Prop. 2.] 


(1) 


The equation of the tangent at P is 
yy 7 2a(c- 21) 
The equation of the directrix is 


(2) 


s= 
es intersect is found by solving: 


The point Z where these lin: 
(1) and (2). 
Substituting for z from (2) in (1), 
yyı 7 al — ar 21). 
2a 


4.64 y=—(a1— 4). 
sna ca) 


.. The point Z has coordinates, ~4, yn =a): 
1 


9a 
4 cate f E 
Gradient of SZ is EAT. 1.8. d 
d - D 
Gradient of SP is eee DERE 
2,—6 q1—4 
i 28170, I=]. 
Product of the gradients = ~~" Sea 
Hence, SP and SZ are at right angles, which proves the: 
proposition. 


VII-30. Locus Problems : 


Problem 1. To find the Toon 
of tangents to the parabola y^ =4an, 


angles. 
Let P (h, k) be 8 point on the locus. Then the two tangents 
of the parabola which pass through P must be at right angles. 


us of the point of intersection 
which meet at right 


Now y=mr+% is 'always a tangent to the parabola: 
? T 


y? —4ac. 
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If it passes through P (h, k), then 
k=mh+%, ie, m*h—mk+a=0 C) 
m 


If mı and mg be the tyo roots of this equation, then the 
two tangents which pass through (A, k) are 


y—m424--2- and y=mect+—. 
mı Ma 
It these be at right angles, we have mıma=-—1. Hence, 
from equation (1), 
f= ~1, or, h+a=0. 
h 


The required locus is therefore the straight line 
a+a=0 


which is the directrix of the parabola. 


Problem 2. To find the locus of the middle points of 
chords of the parabola 


V*—4az which pass through a fixed 
point («, P). 


It P (h, k) be a point on the locus, then the chord having 
P its middle point must pass through (a, £). 


Equation to the chord having (h, k) its middle point is 


y — 28 (s — 1). 
k 


It it passes through (a, f), then B-k =% (a-h), 
ie., Bk. — k? — 980 — 9a], 

i.e, k* — Bk —2a(h — a). 

^. The required locus of (h, k) is given by 


y? — By =2a(a— a) 
which is clearly a 


parabola whose latus rectum is half the 
latus rectum of the 


given parabola. 


Problem 3, If a circle be drawn so as always to touch 


a given straight line and also a given circle, then the locus of 
ds centre is a parabola. 


| 
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e of the circle be taken as the origin and lines 


Let the centr 
o the given line as 


through the centre parallel and perpendicular t 


the axes of x and y respectively. 


Yi 


Let the given line be at 
a distance d from the centre of 
the circle so that its equation is 
y—d=0. 


It P (h, k) be the centre of 
tion 


the moving circle in any posi 
and, L and T be respectively i 
circle and the given straight line, 
po-OL-PT, 
where a is the radius of the given 


ts points of contact with the given 
then clearly 


d.e, Jiye —a-d- k 


circle. 

2 n+ =(d+a-k)"; 

ie, h=- oa-talk+(4+a)’. 

The locus of P is therefore given by 
oem o(d--a)y-- (da) 


which is clearly 8 parabola. 


[It the y-axis intersects the given circle and the given line in 
R and M and A be the mid-point of RM and OA=p, then 
RM- d-a_d+a 
pcORtRAcaM cat go DaN 
so that the equation to the parabola becomes 
gi -Apy- 4p ^ 
gie —4p(u-P) 
which is concave downwards, 
s is at a distance p 
the centre of the 


$e, 


nts a parabola 
(o, p) and whose focu 


at the point 0, 


which represe 
whose vertex is at A 
from the vertex A, iba 


given circle. J 
Problem 4. To find the locus of a point which moves so 
hat 0529-007 ih three normals drawn from it to the parabola 


y? =4az may be at right angles- 
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The Tae y=ma —2am—am® is always a normal to the 
parabola y 2-—4ax. If it passes pere (h, k), we have 
k-—mh- 2am— am? , 
d.e, am? +m(2a—h)+k=0 Xt " a) 
"The three roots of this equation correspond to the three 
normals which pass through (h, k). Ifthe three roots be ma, 
Ma and ma, we have 


mmm, 7 PET k (2) 


If two of the normals, say those corresponding to m, and 
Ma be at right angles, we get 


mM — —1, so that from (2), ms= k. 


Since, ms is a root of the equation GE satisfies this 
a. 


equation and hence, 
kiak 
a, += (2a-h)+k=0, 
a. a 


4.0. k? +a(2a—h)+a? =0, 
ie, E? — a(h — 3a). 
The locus of (h, k) is therefore given by 
4? — a(v — 3a; 
whieh represents a parabola whose vertex is a& the point (3a, 0) 
and whose latus rectum is one quarter of that of the original 
parabola. 


EXERCISE VII(O) 

1. Show that the thord 4%+3y+1=0 of the parabola y?-8z is 
bisected at the point (2, —3). [ 0. U.] 

2. Find the equation to the chord of the parabola y2=8x which is 
bisected at the point (3, 2). 

3. Find the middle point of the chord of the parabola y?=8a whose 
equation is 3y=4a+1. 

s 4. Find the equation to the diameter of the parabola y*—12z which 

bisects the system of chords whose equation is 22—3y+c=0, where 
€ varies. 


5. Prove analytically that the tangents at the ends of any chord of & 
parabola meet on the diameter bisecting the chord. 
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6. Perpendiculars are drawn from the focus upon tangents to thi 
parabola y? =4ax ; prove that the feet of these perpendiculars lii d 
tangent at the vertex. Sa y" 

[Hints: Find the point of intersection of the lines y —mz4- a and 

t i m 
ya n (z—a) and show that it satisfies the equation z—0. ] 

7. Prove that 
chord of a parabola intersect o 

8. Find the locus of the poi 


parabola y? —4az when 
(i) the sum of the gradients of t 


(ii) the tangents meet at an angle 459. 
9. Prove that the locus of the middle points of all chords of the- 


re drawn through the vertex, is the parabola 


the tangents drawn at the extremities of any focal 
n the directrix. [a U.] 
ntof intersection of two tangents to the 


he tangents is a constant quantity k ; 


parabola y? =4az which a 
y? =2az. 

10. Prove that the locus of the middle points of the focal chords of © 
a parabola is another parabola whose vertex is at the focus of the given 
parabola and whose latus rectum ishalf the latus rectum of the given: 
parabola. 

1l. Prove that the lo 
normal of a parabola inter 
a parabola whose vertex is t! 
latus rectum is one quarter of t 

19. From a point P, three no 
If two of them make angles with 
90°, find the locus of P. 

13. Find the locus of t 
parabola y? =4%: 

[ Hints: If (h, k) be a p 
point is (h, k) must be a normal t 
y-k-l (z—) is id yema-2m-m* 
compare coefficients 

14. A point mo 
ax+by+c=0 is always 
$?-py*—5?. Prove tha 


cus of the middle point ofthe portion ofa 
cepted between the curve and the axis is 
he focus of the original parabola and whose 
hat of the original parabola. [C. U.] 
rmals are drawn to the parabola y? —4az. 

the axis of the parabola whose sum is. 


he middle points of normal chords of the 


then the chord whose middle 


oint on the locus: 
so that the equation 


o the parabola, 
entical with (since &-1) Now 


and eliminate M. ] i 
ves SO that its distance from the straight line 
equal to the tangent drawn from it to the circle 

point is & parabole. 


t the locus of the 


Answers : 
2. 9g-y-4. 3. (2) 9- ^ ers 
é p= Hi 
NUT cn ii) yr caeco n : 
13. 29244) 48-0 
12, y*-a(r—a). V ! 
cai y t 


II—3 


CHAPTER VIII 
THE ELLIPSE 
VIII-1. Definitions : 


An ellipse is a conie section of which the eccentricity e is 
“less than unity. We can therefore define it as follows : 

An Ellipse is the locus of a point which moves in a plane 
so that the ratio of its distance from a fixed point in the plane 
‘to its distance from a fixed straight line in the same plane is 
-a constant quantity less than unity. 

The fixed point is called the Focus, the fixed straight line 
‘is called the Directrix and the constant ratio is culled the 


Eccentricity denoted by the letter e. 
VIIL2. Construction of the curve : 


To trace the ellipse when the directriz, 


the position of the 
focus and the eccentricity are given. 


Let S be the focus and MM’ the directrix and let e ( <1 ) 
Fbe the eccentricity. 


Draw SZ perpendicular to MM. Divide SZ internally at 
-A and externally at A4'in the ratio e : 1, so that S 


SA and 
AZ 
NA es me i i 
Ag 95 €. SA=e4AZ and SA =eAZ. Hence, from the 
«definition, 


A and A’ are points o 
Take a point N. 


to AA’, With ce 


n the ellipse. 


1 on AA’ and draw P,N,Q; perpendicular 
ntre S and radius e. ZN, draw an are cutting 
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nd Qı. Then P, and Q; are points on the 


PNQ at Fi 4 
g P,M, perpendicular to . 


ellipse, for joining SP, and drawin 
MM’, we have clearly, 
SP, =0.ZN, (by construction) =e.P3 M; . 
Similarly for Q1- 
Taking other points Ne, 
points Ps, Q2» Ps, Qs ete. 
The curve drawn through 


N, ete. we similarly obtain the 
these points is an ellipse. 


VIII-3. Two important relations : 


To prove that for an ellipse 

(i) CA=e.0F and (ii) 86.04, 
he middle point of AA’. 
ticle, we have 


..(1) and SA'—e.A'Z 29) 


where C is t 

From the previous ar 
SA- e. AA . 
sA SA 7 (AZ A2 


Adding, 
or, A42 d(0z - 04) (02-04) 
4.64 904-7 9.e.07^ since CA-CA'. 

5 CA -e.CZ. 90 SUE) 
‘Subtracting (1) from (2), 

s4-SA- (4 Z- AD) 

or; (gs+oa)-(0A-08)=0.44' 
4.64 9.08— 9.e.C 4. 

3 CS-e.CA. (ii) 


Tt the length AA’ be 2u, then the relations (i) and (ii) give 


cZ=5 and CS=ae. 


n of the ellipse : 
ellipse referred to the directria 


focus upon the directrix as 


VIII-4. Equatio: 


To find the equation to an 
and the perpendicular from the 


axes of coordinates. 
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Let S be the focus, ZM the directrix and e the eccentricty. 


Draw SZ perpendi- 
cular to the directrix and 
produce 4S to any point 
x. 


Let ZX, ZM be taken 
as the axes of æ andy 
respectively, 


Suppose that the 
length 7S=d,so that the 
point S is (d, 0). 

If P(z, y) be any point on the locus, then the condition 
satisfied by P is 


SP=e.PM, where PMis drawn perpendieular to Z M. 
s. SP?=e py 

16, (r—d)* ty? 5 eg? 

on xi (l-e?) y* 2dx Las. 0 
which is the required equation, 


VIIL5. The standard equation : 
The equation obtained in t 


to a simpler form by transferr 
point. 


he previous article can be reduced 
ing the origin to a suitably chosen 


We have d—-SZ—-OZ-Qgg 


za 
P A [Ref Art. VIII-3 ] 


a S 
es)! 

(1-09) 

Substituting this value of 


d in the equation derived in the- 
last article 
viz. &*(1—e*)H-y* ode 4 g2=g 


we get ee gras etj (l-e?) 2g, 


THE ELLIPSE 317 
j.6., —2)la? — 92. a? a3 
ie, (1—e Jo acl ty? Halo") -0 


ea (1— D 2_9f an at S 
ion (10a? - an et cet) RU cet 


which reduces to 
2 
(1 eye - ? 43 —a* (17e) 


2 
l- 2 
whence, VE roit o EV 
a? a-et) 


Referred to parallel axes through C B 0) le oz=5| 
e 


the transformed equation is 
a? y? 
e pU mI Du ES o 


Tf the curve meets the new axis of y i.e. OY in B, and the. 
length CB is denoted by b, then the coordinates (0, b) must 


satisfy the equation (1). 


b? i 
Hence, ase) or, b?=a2(1—-e") Vs (3) 
The equation (1) then becomes 
x? y? 
d ubt 


ferred to CX and the line 
axes of coordinates. 
uation to an ellipse and 


s the equation to the curve re 
o the directrix as 


lest form of the eq 
he standard equation to the curve. 


derive the standard equation indepen- 


which i 

through O parallel t 
This is the simp. 

is, therefore, taken as t 
We may, however; 


dently thus : 

Let S be the focus; MZ the directrix and e the eccentricity. 
Draw SZ perpendicular to the directrix and produce ZS to any 
point X. It 4 and A’ be points on ZS and ZS produced 
respectively such that 

SA=6. AZ and SA' —e.A'Z 
Q the mid-point of AA’, then 


and if the length AA’ be 2a and 


we have 
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We choose C as the origin, CX as the axis of z and CY, 
a line through C perpendicular to AA’ as the axis of y. 


Let P (v, y) be any point on the curve. 


Draw the ordinate 
PN and also draw PM perpendicular to the d 


ireotrix. 
Now, the condition satisfied by P is 


SP=e.PM. 

he SP? =e" PM? =¢2. ZN?, 
2 

i.., (e+a0)*-+y? cte] ; 
i.e., @*(1—e*) +4? 2 a*(1 — e*), 

gs? PAUA j 
whence a! ae) 1, 

2 2 

ie, i isl 
where, as. above, b*—a*(1—e2), 


This is the Simplest form of th 


e equation to an ellipse and 
is taken as the standard equation. 


VIII-6. Geometrical 


Property expressed by the stan- 
dard equation : 


The equation (3) of the previous article can 


be written as 
iub gà 
DER iii 
gu y* a*—g* 
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i EM. 
y (a4-z) (a—z) a^ 
| ie. .PN* OB. 
i ANAN 0A” 


| which may be stated as : 
are on the ordinate of any point on an ellipse varies: 


The squ 
gments of the major axis made 


as the rectangle contained by the se 
by the ordinate. 


VIII-7. Second focus and second directrix : 


In the figure of Art. VIIIL5 take S' and Z' on the positive: 


side of the z-axis, such that 
QS'—08-ae, and 0Z'-02-". 


Draw Z'M' perpendicular to QZ' and PM’ perpendicular to~ 


| Z'M' and join Ps. 


The equation to the ellipse i$ 
2 


yeas [ (1) of Art. VIII-5 Y 


or, 
4.6.5 


| which can be written as 
(a?e? — 9aez z^)" =a 
2 


a 
(ae —2)* ty =e Sri 


2L. e?z? — 2ae2, 


4.6. 
or, (cs - cx) Pte OZ - ONT 
or, Ng*-PN* =e NZ”, 
$.6., gip2=e PA ] 
t P from S'—exthe distance of P from 


i.e., the distance O ; 
ight have been described with 


Z'M. Hence, the same curve mig 
S' as focus and Z'M'as directrix. In other words, the ellipse- 


has a second focus and a second directrix. 


curve : 


vIIL8. Shape of the M 
ation of the ellipse 75 us - 


Consider the standard equi 


1. 
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The equation can be written as 
y? zt EL ea 
blue or, ysy a zi. 

It follows that— 
Ifz?la? ie, (z--a)(z — a) - 0. 
showing that there is no point o 


line z—a or to the left of the line x 
‘these two lines, 
| Ifa =q? 


, ie, >a, or, <—a. y is imaginary, 
f the curve either to the right ofthe 
=-—a, the curve lying entirely between 


» $e, v=a, or, 


74» We get two equal values of y namely zero. 
Hence, the lines x 


=a and z-—a are tangents at A’ and A respectively. 
Ita? <a?, ie. (z--a)(z — a) < 0, ie, x lies between —a and a, we got 


two equal and opposite values of y, showing that the curvo is symmetrical 
“with respect to the axis of x, 


Similarly, writing the equation in the form 


t unlike the parabola, the ellipse is a closed curve, 


VIII-9, Definitions ; 


Vertices ; The points 4 and A’ where the line Joining the 
foci meets the curve are called the vertices of the ellipse. 
Centre : 


‘of the ellipse, 


Axes: The line AA’ ig ca] 


led the Major axis and the line 
BB’ is called 


the Minor axis of the ellipse, 
Latus rectum : 
‘focus is called the latu; 


VIII-10. The eccentricity : 
The relation 


The double ordinate passing through the 
S rectum of the ellipse. 


b*—a*(1— 62). [ (2) of Art. VIII- ] 


“Connects the ge the semi-minor axis b and the 


mi-major axis a, 
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eccentricity e, from which any two of the quantities being given 
the third can be found out. In terms of a and b 


e=! Ja? —b?. 
a 


VIII-Hl. The latus rectum (LSL’). 
If SL be the ordinate corresponding to the focus S, then the 
coordinates of the point L are (—ae, SL). 
2,3 2 
' Hence, oe =1. 
be 
ME T EE 


2 
The semi-latus rectum She 


2b? 


Hence, the latus rectum LSL'- = 


VUI-12. An important property : i 
To prove that the sum of the focal distances of any point on 


an ellipse is constant and equal to the major axis. 
If Plx, y) is any point on the curve (fig. Art. VIII-5) 


oca MARANO ONI [ago qs 


: zB cac 
s'p=e.PM =e.NZ =(0Z'—ON)=e C 2] a— ex. 
Hence SP-S'P-— (a-Foz)--(a 02) 22 

=the major axis i 
VIII-13. Mechanical construction : 
E the property of the ellipse proved in the last article, 
rom : j 
method for the mechanical con: 


we get an 


easy 
struction of the curve " 
"We take a piece of string of Jt f. 
length equal to the major d 
: i i 
the ellipse and fasten its extre pre Y 3 


' the positions © 
at S and S P ub A 


fooi of the ellipse. The stri 
now kept tightly stretched by means 


of a pencil which is placed verti- 


cally against the string. ' The point 
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P of the pencil as it moves about on the Paper will describe a curve 
which is an ellipse, for 


SP+S’P=length of the String =tho major axis. 
Note: Ifon SS’ we take two points T' and 7" such that ST=S'T’ 
and take these as the positions of the foci we shall get an ellipse of 
different shape but of the same major axis AA’, 


VIII-14. Major axis along the axis of y : 


If the major axis of the ellipse is taken along the y-axis, 
then its equation will be deduced from th 


e standard equation by 
simply interchanging z and ys 


and the resulting equation is 


z^ yy? 
ptg Ty 
Tt can also be derived independently thus : The focus S in 
Y this case is the point (0, ae). 
Za The condition Sp? —,? py* now gives 
2 
A = 0)*+(y—ae)*=08(2-g) which 
e 
P reduces to 
g? ya 
MEE m 
B 2 2 
X. 4e; prea, where 
b* —a*(1— e?), 
Note: Here the foci are (0, tae) and the 
equations to the directrices are y= d. 
VIII- 


15. Axes parallel to the axes of coordinates : 
Let the centre of the ellipse be at the point (a, 2) 
axis of length 2a parallel to Y ^ 
the z-axis and the minor Y 
axis of length 2b parallel to 
the y-axis. 

Clearly, with OX’ and 
CY’ as axes of coordinates, 


the equation to the ellipse 
is 


;the major 


g’ 2 
ait pl. 
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r Now, the point C being (a, B), the coordinates of O referred 
o Ox and CY’ as axes are (—«,—B). Therefore, to get the 
equation to the ellipse with reference to OX and OY as axes of 
coordinates, we have simply to replace x by 2—€ and y by y— £8. 


and the resulting equation is 
(z-a)? ,G-f E 1 
a? b? : j 
ion to the ellipse whose 


This, therefore, is the required equat 
llel to the axes of 


centre is at (a, B) and whose axes are para 


coordinates. 


Simplifying, the last equation can be put in the form 
In? -- my? + 290+ 2f c — 0, 
positive quantities. 


where J and m are two different 
f the form 


Hence also, given an equation Oo 
Ie? my? + 290+ 2fy +0 =0, 
we at once conclude that it represents an ellipse whose axes are 


parallel to the axes of coordinates. 


VIII-16. General equation : 


When the position of the focus and 
directrix are given with re 
the equation of the ellipse can b 
ty e is known- 
Az By 070 be the directrix, 
llipse must satisfy the condition 
cular from (X, Y) upon 


the equation of the 
ference to any set of 


corresponding 
e easily found’ 


rectangular axes, 
out when its eccentrici 


It S (a, P) be the focus and 
Y) on the e 


then any point P(X, 
is the perpendi 


SP=e,PM where PM 
Ac-+By+0=0- We then have, 
DAD AX+BY+0V. 
e Boe [em 
y 


x, Y) is therefore given b 
2(Az-- By +C)* 


(as e ato a)? Hy 9 
quired equation of the ellipse. 
ced to the form 


The locus of ( 


which is the re 


The last equation can be redu 
au? +2hxy +by? t ogæ+2fy +c=0. 
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It can be seen from particular examples that the condition 
h* <ab is always satisfied whenever the loc 


us represented by 
the equation is an ellipse. 


VIIL17. Position of a Point (x,, y,) with respect to the 


[ Draw a figure ] 
Let P be the point (24, 


Yı) and let PN drawn perpendicular 
to the major axis meet the c 


urve in Q. 


Since, the point Q whose coordinates are (zi, QN) is on the 
*ellipse, we have 


Tı zu h N?=52(1—212 
as ps —l, whence QN? = a 


"Olearly, the point P (,, 


V1) is outside, on or inside the ellipse 
according as 


PN > = or, < QN 
t.e., according as TANS = yy ee QN? 


2 
i.e., according as yi > =o, < oe(1—222) 
a 


2 2 
5 5 TES 2 ; Si 
756, according as the expression ete =1 is positive, zero or 
a 
negative, 
Note : 


The same result will b 


e arrived at if P is compared with a point 
on the curve having the same or 


dinate as the point P, 
VIII-18, Auxiliary circle : 


The circle 


described on the major 
T : 


axis of an ellipse as 
diameter is called the auxiliary circle. 
P^ Its equation is clearly z?--y? — a?. 
R Let a point P be taken on the 
ellipse and the ordinate PN produced 
X ?9 meet the auxiliary circle in P'. 
CP' is joined. 
Now, P' being a point on the 
circle, 
ON?--p'N? =q, 
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P'N= Ja” ON? t SCIT 
Again, P being a point on the ellipse whose equation is. 


zr? y? 
EEG we have 


: EO ERE 
PN-O Ja3— ON? (ay 
Hence, from (1) and (2), Y 
pN-P. P'N, 
a 
which gives the relation between the ordinates of the points- 
P and P' which are called corresponding points. 


VIII-19. Eccentric angle : 


If the angle NCP’ be denoted by $, then 
ON=a cos ¢ and P'N—a sin $. 


px2UpN =2. asin $=) sin $. 
a a 


Hence, the coordinates of any point P on the ellipse;. 
erms of a single variable $, are 

a cos $ and b sin $ 
is called the eccentric angle of the point P.. 
the radius through the corresponding: 


kes with the major axis. 


expressed in t 


The angle $ 
It is the angle which 
point on the auxiliary circle ma 


WORKED OUT EXAMPLES 


Ex. 1. Find the foci and directrices of the ellipse, 
9z? +4y* =36. 
Written in the standard form, the equation becomes 
2^ US L1, 
ATE 
The major axis of the ellipse therefore lies along the axis: 
[ Art. VIII-14 ] 


of y. 
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The eccentricity e is obtained from the relation 
4-—9(1-— e*). 

9 — 6 
e mt 


Since, the semi-major axis is of length 3, the coordinates of 
"the foci are 


J5 
(o. +349), 
ie, (0, + V5). 
The equations of the directrices are 
= 3 
Uc Te’ 
ri 
; 9 
1.8. =+—. 
1 5 


Ex.2. Find the coordinates of the centre, the eccentricity 
-and the latus rectum of the ellipse, 


2^ -F9y* +9¢—8y+9=0, 
To get the centre, we express the equation in the form 


LO ga 
emo [ Art. VIII-15 J 


The equation is written as 


(*+92-+1)+9(y? —4y -4) 2 1-8 — 9, 


ie., (+1) -9(y 9)? — T, 
ed E 40-27... 


E 
The centre is therefore the point ( — 1, 9), 


If parallels to the axes throu: 


gh this point are taken as axes 
‘of reference, 


the equation to the ellipse reduces to 


z? y? 
7 1 a 
Hence, a=the Semi-major axis— NT 
-and 


b=the semi-minor axis= ,/7, 
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.. The latus tha ee a 
a NT Si: 
The eccentricity is given by 5b? —a*(1— e?) 


Ll. i-7-e*) giving e= 


Ex. 3. Find the equation to the ellipse whose latus rectum 


„n4 
is = and whose eccentrici: Saat j ; 
; 3 e i cen: bis is JB the centre being at the point 
(9, — 1) and major axis parallel to the axis of y. i 


If the semi-major and semi-minor axes be respectively a 


and b, we haye 


9b? 4 2 g2—]p? 

war S e (1) and (35) =} - (2) 
From (2); 3a2 — 303 —a*, 

ie., Qa? —3b* 

2 9g2—9a from (1) 

Y arm b= Ne: 


The equation to the ellipse ha 
g the axis of y is clearly 


ying centre at the origin and 


major axis alon| 


z? y? 
a? V1, 
$1 


The required equation to the ellipse having centre at 


is parallel to the axis of y 


(z-2Y 4 (0*1, 
$ 1 


(8, — 1) and major ax 


is 

5 
4.6., 3(z - 9? -9(y- 1 =2, 
4.6., 952 2y? — 19z-- 4j 12—0. 


ellipse (referred to its aes 


Ex. 4, Find the equation of the 
ely) which passes through the 


s of x and V respectiv 


as the ame 
point (—3, 1) and has the eccentricity NE. [ 0. U.] 
Let the required equation be 
or 
aes ie 
Since, it passes through (—8, 1), we have 
(1) 


ens 
Sep 
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Also from the relation 5? —a*(1—6?), we get 


*-ef 0-8. 
aoe b?=8a2, EE e (2) 
From (1) and (2), 
D 5 
DP =I, 
ai gai 
wW a? —3$ and 5? — 52. 


The required equation is therefore, 32?--5y?—39. 


Ex.5. A point moves so that the sum of its distances from 
two fixed points is constant. Prove that the locus of the point 
is an ellipse. 

Let the line joining the two fixed points be taken as the 
w-axis and the mid-point of the join as the origin, and let the 
coordinates of the points be (—a, 0) and (a, 0). 

If then (x, y) be a point on the locus, we have, from the 
given condition, 

N(a--a)? +y?’ + N(z—a)8 Fy? = constant = 2% (say). 
d.e., N(@-Fa)?-Fy? — 2 — N(z=a)*+y2, 
Squaring, (c+a)*+y?=4h?+4(¢— a)*+y°—4k (x —ay Fy’ 
which reduces to 
az—k*— —k Ma-a)?+y?, 
Squaring again, we get 
h^ —9k*az--a*z? =];2(2—a)? +h*y?, 
ie. g^ (K^ —a*)-k*y* =12(k2 — a2), 
2 2 

or, 7 teml 

as the required equation to the locus. 


Since, 2% is necessarily greater than the distance between 
the given points i.e., 2a, the quantity L?-—a? is positive and 
hence the locus is an ellipse whose major axis of length 2% lies 
along the line joining the given points. 


EXERCISE VIII (A) 
l. Find the eccentricity of the ellipse of which the major axis is 
double the minor axis, 
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2. Ifthe minor axis of an ellipse is equal to the distance between its- 


- 
foci, prove that .its eccentricity is y 


3. Findthelatus rectum and eccentricity of the ellipse whose semi- 


axes are 5 and 4. 
4, Find the equation to the ellip: 
coordinates, which passes through the p' 
5. Find the equation to the ellipse re 
whose axes aro 10 and 8, when the major axis is 
(i) along the axis of 2 ; 
(i) along the axis of y. 
6. Find the equation to the ellipse who: 
whose semi-axes are 3 and 2, when the major axis is 
(i) parallel to the axis of 2 ; 


(ic) parallel to the axis of y. ` 
7. Find tbe equation of the ellipse referred to it 


ordinates, whose 


se referred to its axes as axes of 
oints (2; 3) and (—4, 1). 
ferred to its centre as origin 


se centre is at (—2, 3) and 


s axes as axes of Co- 


es T.) den d 
i) j 9 and eccentricity 18 — ; 
(i) major axis is 5 y Ja 
a ori 

(ii) latus rectum is 5 and eccentricity is >. [C.U.] 
8. The distance between the foci of an ellipse is 10 and its latus- 
find its equation referred to its axes as axes of coordinates.. 
e ellipse, whose 

1 


z-y43-0 and eccentricity is Jii 


rectum is 15 ; 
9. Find the equation to tni 

(i) focus is (2, 2), directrix is 2 

(i) focus is (21; 1» directrix is x-yt3=0 and eccentricity is 3. 
[ €. U. 1952 J 


eccentricity and coordinates of the foci of 


10, Find the latus rectum, 
the following ellipses : 
(i) 4m (ii) 162?-+9y?=144 ; 
(iii) 40? + 3y? —6y 2920; (i) 32? Ay? — 6z 4-16 — 89 =0. 
a focus and an extremity of the 


11, Find tho distance between 

minor axis of the ellipse : TE 
(i) Ste 1. 

whose centre is at (0,2) and major 


e distance between 


(i) 4a? +5y? = 1005 
tion to the ellipse 


minor axis is equal to th 


12, Find the equ?! 
axis along the axis of Y> whose mi 
the foci and whose latus rectum is 2- be 

13. Find the equation to the ellipse whose eccentricity 18 5, focus S 

B F 
is (3, 0) and vertex A is (b 0)- s h . 
14 | The distance between two fixed points A and Bis 4. Apoint P 


moves so that PA+PB=6. Find the 


II—4 


locus of P. 
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2 42 a 
15. The distance of a point on the conic ot from tho centre 


äs 2. ‘Find the eccentric angle. (0. U.] 


. 16. Find the eccentric angles of the positive extremities of the latera 
recta of the ellipse 3z?--4y3 =48. 


17. The ordinate of a point P on an ellipse whose centre is O and semi- 
minor axis b is produced to meet the auxiliary circle at Q. The parallel to 
OQ through P meets the major axis in G. Prove that PG@=b. (0. U.] 


^ 2 Q2 
18. Prove that the equation to the chord of the ellipse fl 
a» b 
joining two points whose eccentric angles are 0-- ó and 0—49 is 


€ cos 0+” sin @=cos o. 
a 6 


Answers : 


se 3. 


latus rectum = a2 


— e 


4 2074 8y2=35, 5, (i) 2249? 
y () 35^ 18 
6. di) 40?+9y?4162—54y 61 


T. G) l02*424y3-81, (i) 20x? +.36y? — 405, 


8. 32*-p4y* =300. 9. (i) 6x" +942 +4ay—52e—14y441=0. 
(ii) Tæ? Ty ? + 22y 4-102— 10g 4-7 — 0. 


10. (i) latus rectum £, 


=1; (i) 


0; (di) 92* +-4y" +362—24y 436 =0. 


1 
=—, foci pr ; 
e JT oci ESAE DE 


(ii) latus rectum 2 ec Y", foci (0,4 J7) ; 
(ii) latus rectum 39,e23, 


foci (0, 0) and (0,2) ; 
(iv) latus rectum 9, e= 


à» foci (—2,—2) and (4,9): 


11. (i) 5; (6) a, 12. 229-49 49.0. 
13. 52?4+9y?—702465=0, 14, 2* y 
9 
E STOR Br Tr 
15. r T g! E 16. gana Pr. 


VIII-20. Tangentata point : 
To find the equation of the tan 


a? ye 
gent to the ellipse St5=1 
«at the point ( AM 


V1, Yı). 

Let P be the given Point (z3,4,).° We take a point Q on the 
ellipse close to P, Tet its coordinates be (25, ys). 
The equation to PQ is USC 
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But since P i moe 
ut since P, Q are points on the ellipse ptT. weget 
Td. Uae CHEM UNS 
e ucl ad Tehi 
an SQ Ya y Cet 
whence 2 PER Suit 
i (zs casas ns) | Gro aX 1). o 
a b 
. deua _ D memi) 
9 z,—2, (ota) 


The equation to the chord PQ of the ellipse is therefore 
b* (zs mi) 


y-yi—— z- £3) 
1o a*(yacui) $ 


If now, 
value z, and ys to Yı: 
the tangent at P. 


obtained by putting 2a —271 and Yə =Y: is thus 


t.b., 
4.6. — A 
` a b 


Alternative method : 


If (x, y) and (x+ òx, y+õy) are two close points on the curve, then 


(z--82)* , (y+ Sy)? _ zt ay 
= t L and tpa 1 


On subtraction, 
pa(Qa-+ x) , dy(2y+5y) 0, 
MET TS TD 


a? 
Hen : E CUP dat ox 
ae bx a? 2y+õy 


dy dene y T5 Lb? Deor EA] 
s= Li $Y = Lim = + Sa) 
dz 3550 da 340! a sen) a'y 


dy also approaches zero. 


since, as ót approaches Zero» xi 
3 m 
The gradient of the tangent at (21,91) 18 therefore TUS 
The required equation of the tangent is then 
T ber (ala) 
1 


4y-931i— may, 


aya 


51 


Q tends to coincidence with P so that x» tends to the 
the chord in thislimiting position becomes 
The required equation of the tangent, 
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whence the equation 
3X1 1391.1 follows. 
a?" p? 


Note: Observe that the rule to write down the equation of the 
tangent to the circle applies here too. 


VIII-21. Condition for tangency : 
To find the condition that the straight line y=ma+e = (1) 


2 2 
should touch the ellipse erem 1 tee - (2) 


The abscisse of the points in which the line (1) meets the 
curve (2) are the roots of the equation 


E, me recs 
dey (la"m? +b" )x*+9a?mex+a%(c2?-b2)=0 + (3) 


If the line is a tan 
coincide and hence the 
The condition for this is 


4a*m?c? — 4a? (¢2 — b*Ya*m? +b?) 
which, on reduction, gives 
c? =a m? +2, 

Cl c=+ Ja?m?-rps E Se (4) 

This then is the required condition. 

Remark: The equation (3) being quadratie in z, we 
conclude that the line always meets the ellipse in t 
It can be shown as in the case of the circle and the parabola 


that these are two real and distinct points if c?<a2m?+? 
and two imaginary points (i.e., 


gent, the two points of intersection 
equation (3) must have equal roots. 


wo points. 


geometrically the line does not 
intersect the curve at all) if c^ a? m? +52, 


Note:1. Ifb=a, the ellipse becomes a circle of radius a and the von- 


dition for tangency rednces to c= #aJ/1+m?, as has already been derived 
in Art, VI-12, 


Note: 2. For the existence of an infinite root of the equation (3) we 
should have a2m? 452 =0, i. 


VIII-22. Tan gents i 


If the gradient m of a T 
values of c viz 


n a given direction : 
ine is given, 


we find there are two 
* those obtained in (4 


) of Art. VIII-21, which 
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H va 
will make y=mute a tangent to the ellipse ath =1. Hence, 


corresponding to @ given gradient m there are always two 


y? 
parallel tangents to the ellipse ztje =1 whose equations are 


y-mxt Ja?m? +b". 


VIII-23. Point of contact : 


tho line y=me+ Mam? +b? 


To find the qu where 
touches the ellipse = m =1. 


on of the line can be im as 
2 
me —3 Ja?m +b? 
(1) touches the ellipse at 


The equati 


(1) 


If the line i yx) then it must 
represent the same line as 
we Wa — 
gni W3=1, 


dea 
4.64 pe, eta yya b 70 ood «x (i) 
Hence, from (1) and (2); comparing coefficients, 


Pas = e 
m Na? mtb? 
Wr 2 b^ 
s a bee d yi^ —F3-31 r8 
Jam? +0" and V: atm? +b 


which give the coordinates of the required point of contact. 


nts from a point : 


VIII-24. Number of tange: 
real or imaginary, can be 


ove that two tangents, 


To pr 
t to an ellipse. 


drawn from a poin 


lipse be eae =1 and let (z4,' yi) 


Let the equation of the el 
be the given point. ‘ 
Putte tiniest ME 


The line yemz Al 
he ellipse. 


is always 8 tangent to t 
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We are now to choose m for which the line (1) may pass 
through (zi, yi) This requires 


yiomv,-- Jam? n 
ien (yi —mz4Y —a*m? 4-02, 
i.e., (21° —a*?)m? — 9x y m4-y,? — 52 — 0. s (2) 
The equation being quadratic in m gives two values of m 


corresponding to each of which we have a 
through (2, y,). 


Hence, two tangents can be drawn fr 
the ellipse and these are 
y-y;-m;(x-x.) 
and Yy-yi:-m;(x-x,) 
Where m, and mg are the two roots of the equation (2), 
The discriminant of equation (2) is 
42,55 * — (0° —a*)(y,2—32) 
7 A(D^2,* -Fa*y, * — 4252) 
2 2 
=4 "wes PEN ). 
^ a? i b 


tangent which passes 


om the given point to 


c 2 2 
(i) It the dise. is positive, 4.e., Ga toe 1-0, in which 
case the point lies outside the ellipse, 


we get two real and 
different roots and hence two distinct tange 


nts can be drawn. 
(ii) It the disc. is Zero, i.e., gis Wu 1=0,; i.e., the point 
a 


lies on the ellipse, we get two equal roots and hence the two 
tangents become coincident, 


+e 2 2 
(iii) Tf the dise. is negative, ie, £x SE e 0, which 


is the case when the point lies inside t 
imaginary roots and 
imaginary, i.e., geometri 


he ellipse, we get two 
in this case both the tangents are 
cally no tangents can be drawn. 


VUI-25. Normal ata point: 


3 2 
To find the equation of the normal to the ellipse tp =i 
at the point (x, Y). 
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The equation of the tangent at (v5. yı) is 


Ey, Yr 
2 Di =1, 
3 l aca z : 
i.l., y= |g-d-— doo Rod GD 
ay, Ys © 


s. The equation of the normal which is a straight line: 


through (#1, 91) perpendicular to the tangent (1) is 


y—y, 2 m(z 21) (2) 
3 
where mX ERE =-1, 
a Yı 
2 
i.e., ats 
m bias 


Hence, substituting for m in (2), the required equation is’ 


2 
y-Ya - Hesa) 


; yalb (z— ) 
«e. 4—1917 - 7.8 æ— til 
2.05, yY 2/0 
Ack, 5 dob Sp EL 

Xi ME 


VIII-26. Chord of contact : 
To find the equation of the chord of contact of tangents drawn 
Dou doe 

) to the ellipse cs tect 


B,) and T a(o, Bs) be the points: 
from the given point P (v1, Y1) 
s at Ti and Te may pass 


from the point (215 Y1 


As in Art. VI-19 if Ti(41, 
of contact of tangents drawn 
then the condition that the tangent 


through P, gives 
2,03 PR EAT UE 


a : 
which show that both the points (ei, f) and (“a Bs) lie on the 
line 
which is therefore the required equation of the chord of contact- 
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'"VIII-27. Diameter of the ellipse : 


To find the locus of the middle points of a system of parallel 
chords of an ellipse. 


Let the equation of the ellipse be = 
2 2 
Hal, ods "o (1) 


and let m be the gradient of the system of parallel chords, so 
that the equation of any one of the system is 


y-—mz--c Ge - (9) 
where different values of c give different chords of the System. 


It (#1, Y1) and (a2, Ya) be the points in which the line (2) 
meets the ellipse (1), then ?; and 2, must be the roots of the 
equation, 

$^ (ma+c)?* 
eto at 

te, (a*m* E b*)e? +9a°mex-+a%(o? — 53) Q - (8) 

Similarly, 


Yı and y; are the roots of the quadratic in y 
obtained by eli 


minating z between the equations (1) and (2), viz., 
(yo)? y*. 1 
ma? b? , 


ie., (a*m*-F5*)y* — 95" oy --b*(c* — a2.) g. (4) 


Tf therefore (A, k) be the middle point of the chord, we have 
—ti+e@ a^mc 
p ame tb” from (3) 
: EUR] b? 
and k= a from (4). 
On division, Ki ET qa 
h am 


therefore true for any value 
for any position of the chord. 


the required locus of (h, x) 


of c, that is, 


Hence, is given by 
2 

ane 

which is clearly a line passin, 


8 through the centre of the ellipse. 
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Def.: The locus ofthe middle points of a system of parallel 
ckords of an ellipse is called a diameter. 
VIIL28. Conjugate diameters: 
Def.: Two diameters are said 
to be conjugate when each bisects 
all chords parallel to the other. 
From the previous article, the 
diameter bisecting chords parallel 


w qm 


to y-— mz is 


where, 74 — *—s 


E eee (1) 


5 A b? 
ien mm o——-—s 
ai 


the diameter bisecting chords parallel to yom is 


Again, 
6? 


from (1) 
) holds, then the two lines 
bisects all chords parallel 


1.64, YEME, 
We therefore, find that it (1 


ymt and yams are such that each 


to the other. 


Hence, the condition tha =mæ and y=in& 


t two diameters y 
may be conjugate is 


Y mm =~ >: 


VIII-29. Chord having its middle point given : 


5 i 2 2 
To find the equation of the chord of the ellipse C ii 


cted at a given point (a, Ê). 

Since, the chord passes through (@, B) let its equation be 
y—b=mla—2) Ut bah Ti) 

Now, (a, 8) being the middle point of the chord must lie on 


Ve by which is the diameter 


anm 
to (1). 
Pt. IL 


which is bise 


bisecting chords parallel 
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2 b'a 
: p= ure whence m= — -z3 
un om 


ap 
the required equation of 


e 


.'. Substituting form in (1) 
the chord is 


9 B= -ste a), 


$4, (xe) S +y- f) i-o. 


VIILSO. Director Circle : 
To find the locus of the point of intersection ofa pair of 
tangents to am ellipse whick meet at right angles. 
Let the equation of the ellipse be 
g zZ 
; ate i. (1) 
If P (h, k) be any point on the focus then the two langents 
to (1), whieh pass through P must be at right angles. 
Now, any tangent to (1) is given by . j 
45 y=ma+ Jam” +o". 
Tf it passes through P (h, X), then | 
k=mh+ Jam +o", s | 
At (E— mh)? —a*m? +b, j 
1.6.5 (h? — a*)m? ~ hkm+h? — 6% =6 PANI) 


The roots m, and ma of the last equation give the gradients | 
of the two tangents which pass through P. f 


Since, the tangents are at right angles, 
MM = 1. 


we haye ` 


$ 72 
Hence, from the equation (2), A b= -4 
=o 
ie, h? +h? =a? +62, 
<. (h, E) satisfies the equation 
= +y*=a7+b? 

Which is therefore the required equation to the locus. 

The locus is clearly a circle having its eentre at the centre 
of the ellipse, The circle is called the Director Circle. 
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VIII-31. Some geometrical properties : 


1l. The tangent to am ellipse at the extremity of any 


diameter is parallel to the system of chords bisected by the 


diameter. 
2 3 
Let the equation of the ellipse be equae 1 and let the 
equation to any chord of it be 
y=mete. ao hoo’ | (0) 
nt at which 


Let (24, ys) be the point on the ellipse the tange 


is parallel to (1). 
We have then to prove that (z,, Y1) lies on the diameter 


which bisects the system of chords parallel to (1). 


The tangent at (z1 Y1) is 
araea don 2) 
Since, (1) and (2) are parallel, we have 
MER 
m A 
The relation shows that (21; yı) lies on the locus given by 
Bikey 
m ay 
2 
4.8.5 y= Bara 


ameter bisecting chords parallel to (1). 

at the extremities of any chord of an 
hich bisects the chord. 

2 2 

dips , and let a 


which is clearly the di 


2. The tangents 
ellipse meet on the diameter w 


Let the equation of the ellips? be 


chord of the ellipse be - 


yz mae. 

It P and Q be the extremities of the chord, the tangents at 
which to the ellipse meet at T (zi, Y1) then PQ is the chord of 
contact of tangents drawn from T and hence its equation 18 

Yi = 
er uc 


(2) 
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Since (1) and (2) represent the same straight line, we must 
have 


Hence, (21, y1) the point of intersection of the tangents lies 
on the straight line 


b? à 
Bm 
But this is the diameter bisecting PQ and chords parallel to it. 
Hence the proposition. 


y= 


3. The portion of the tangent at any point of an ellipse 


intercepted between the point of contact and the directria sub- 
tends a right angle at the focus. 


2 2 
Let P(v, Y1) be a point on the ellipse vtl 
a 


The equation of the tangent at P is 


z y CLAVE E 6 MM) 
a iSO, 
P The equation of the direc- 
trix is 
c= — oad (i) 
X e 


The point Z where (1) and 
(2) intersect is found by solv- 
ing (1) and (2). 
in (1), we have 
-+M 


Substituting for z from (2) 


i.e, y= aeo.) 
aey, 
2 
++ The point Z has coordinates — ^ and D (aeo) 
e 


Bey, 
Pastore 


The gradient of Sz — ... ae; 
— 24 ae 
e 
( since S has coordinates —ae and 0 ) 
LÍ. 


XC Fey 


» on simplification. 
Yı 
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The gradient of SP is = ie Ji, 
stae ©” z,-kae 
The product of the gradients = —decm. Ya = 4 
Yı zı +ae 


Hence, PSZ is a right angle, which proves the proposition. 


4. The normal at any point of an ellipse bisects the angle: 


between the focal distances of the point. 


2 2 
Let P(e, yx) be a point on the ellipse Syty-l 
> (ay 


We have SP=a-texs and S'P—a-e2;. 
[ Art. VIII-12 ] 


G, the normal at P "s 


The equation of P 


z—24 YY 

Lm .. (8) [ Art. VIII-25 jt 
2 + 
E b 


At G where this normal intersects the x-axis, y — 0. 
Hence, CG —the value of a obtained by putting y —0 in (2),. 


2 2 
za ab zı =e as, Since b? —a*(1—e?). 
— (a e21) 


SG-8S04-0G =aete x1 
(a-et). 


g'q=08'-00=0076 t=" 
sG _atet SE from (1) 
S'G a-et P : 


Hence, 
and 
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i.e, G divides the base SS’ of the triangle SPS’ internally 
in the ratio of the sides SP and S'P. 

Hence, PG bisects the angle SPS’. 

Cor. Since the tangent at P is perpendicular to the normal, 
it follows that the tangent bisects the angle SPS’ externally. 
Hence, from the proposition proved above, it also follows that : 

The tangent at any point of an ellipse makes equal angles 
with the focal distances of the point. 

5. If SY and S'Y' be drawn perpendiculars from the foci 
of an ellipse upon the tangent at any point of it, then 

(i) SY.S'Y’=b? 
and (ii) Y and Y' lie on the auxiliary circle. 
(See figure of Prop. 4). 

Let the equation of the ellipse ve; 151. 

(i) The equation of any tangent YPY' to the ellipse is 

y=ma+ Ja*m?-Eb* 

i.e., y—mz— Jam? +b? =0. pa (ib) 

The points S and S' are respectively (— ae, 0) and (ae, 0). 
Sy-mao— Nam? Fo? 

NVi+m? 
and gy--mac— Na*m” +b 
41 +m? à 

20 gy.g'y’=(a2m*+b?)—m2a%e? 

1+m? 


Hence, 


—m*a*(1~¢?)+5? 
1+m? 


(ii) Let SY and S'P be produced to meet at the point X. 


Since, the tangent PY bisects the angle SPS’ externally 
(Prop. 4. Cor.), we have 


ZSPY- Z KPY. 
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Hence, the triangles SPY and KPY are congruent. 
F SP=PK and SY=YK. 


Now Y being the middle point of SX and C being the middle 
point of SS', 
OY=3 SK 
=} (S'P+PK) 
=}(S'P+SP) 
=4, 2a—a. 


*. Y lies on the circle described on the major axis as 


diameter, i.e., on the auxiliary circle. Similarly, it can be 


proved that Y' also lies on the same circle. 


Alternative method. 


Any tangent to the ellipse is 


y=mat Jam? +b" (1) 
Also the equation to the line through the focus (—ae, 0) 
perpendicular to (1) is 
y=- (eas) - (2) 
m 


rsection of (1) and (2), the 


If (h, k) be the point of inte 
Hence; 


coordinates satisfy the equations. 
aap? 
k=mh+ Nam Tb 


pa — l(h-ac) 
m 


and 
2,9 
whence, "e RU ^ 
ie (à Xm!) eotmt rne —b 
2a m) 


a result independent of m and hence 


4e, h^ (=a 
gent. 


true for all positions of the tan 
Hence, (h, &) lies on the locus 
a? gy =a 


Which is clearly the auxiliary circle. 


64  AFIRST COURSE IN PLANE COORDINATE GEOMETRY 


WORKED OUT EXAMPLES 


Ex.l. Find the equations of the tangents to the ellipse 
92? --8y? 1, which are parallel to the line 9x —44-3 — 0. 


The given line is y—29z--3. 
Any line parallel to it is y=2a-to, te - (1) 
80 that m, the gradient of the line is 9. 


The equation to the ellipse can be written as 


SP YEA A - (9) 
n a n= 
80 that a*= and 5? =}. 


c* —a?m? +b? 


=4.4+4 
ET 
EE TRY 
MS c— Ji. 
The required equations of the tangents are therefore 
y-—9X JF, 


Otherwise: The line y—92z-kc... (1) which represents 
any line parallel to the Siven line, meets the ellipse 97? 3? 
71... (2) in points whose abscissw are given by 


2v^ --3(9s--c)? — 1, 
ien by 142^ --19ex--3c? — 1 — 0, 


If the line (1) 
coincide and he 


+ (3) 


isa tangent, the two points of intersection 


nee the roots of equation (3) must be equal, 


so that (12c)? — 4.14 (3c* —1)—0, 
ie., 144c* — 1686? +. 56 = 0, 
ien 240° — 56, 

i.e., c. 


Hence, the required equations to the tangents are 
y —9z4- JT. 
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2 3 
Ex. 2. If any tangent to the ellipse ato intercepts: 


2 2 
lengths h and k on the axes, prove that ra 45-1. iL. Gb 051 


The equation of any tangent to the given ellipse is 
yo ma Jam" +. e mr (Gb) 
Tt meets the axis of v where y=0. 
J. h=value of 2 obtained by putting y — 0 in (1) 
——3 pF 
_ Na?m* b^ id ON 
m 


btained by putting z—0in (1) 
(3y 


Similarly, k=value ofy o 
= Jam Fo. 

2 aim? 2 D? 

From (2) and (3). nam bt and peg m FO 

Paper , 


whence adding M Tj 


Ex. 3. Find the condition that the line latmy=n may be 
2 


"eU mel etl 

a normal to the ellipse ate =1. 
If the line la-+my=" ? (1) 
be a normal, let it be normal at the point (71, yı) of the ellipse. 


Tt must then be identical with 


ents Yoh [ Art. VIII-25 J 


i.e, with 2 "m" 


Comparing equations (1) and (2), we get 

ama benom 

eit ps oe 

nl neutr 

: vai ont de 
os = qe") and =~ (ab) 
a 
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Answers : 
l. (i) same; (i) same ;_ (iii) opposite; (iv) opposite ; (v) same. 
2. (i) opposite; (i) same; (ii) same; (iv) opposite; (v) same. 


4.)1; G) 5;  G 3; Ge) Je () 43-4. 


13 


tole 


Nee. T. ip (bs a*-:53), 0 ]- 8. y=a, 4e—3y4+3a=0. 
9.(31-2m--n) 225(?--m*). 10. ()1; (UH) 43. 

11. (i) 4z—22y--15—0 and 11z--2y--20—0, 4v—-22y+15=0 ; 
(ii) z—y-082ndzty-2-0,2—-y-0; 

(i) 11c—3y-r3—0 and 27z4-99y--31—0, 11z—3y 4-3— 0. 
12. B(r—h)— A(y -k) - - (4z--By4- 0). 

14. z—y, z-3y—4—0, 2z4-y —3 —0. 


IV-19. Locus Problems : 


Problem 1. A variable line passes through a fixed point 
(vi, yi) and meets the axes in A and B. If the rectangle 
OAPB is completed, find the locus of P. 


Let the coordinates of P any point on the locus be (h, k). 


Then OA=h and OB=AP=k 
P The equation to the line AB is 


v y 
then p Til 
For all positions of P, this line 
must pass through the fixed point 
(23, yi). 


^ 


Hence, 7124 ¥1— 
ce ht E 1. 


(h, k) satisfies the equation 
gi grt 


which is therefore the required equation to the locus, 

ii 2. A line moves 80 that the sum of the intercepts 
made by it om the axes is always constant. Find the locus of 
Portion of the line i 
podia ion of the line intercepted between 


THE STRAIGHT LINE oer 


Ist AB be one position of the variable line and P (h ? t 
1 i 8 


middle point. Clearly 04— 9h and 
OB=2k. From the given condition, M 


we have 'B 
oh +2k= constante- 2l (say) 
$e, h+k=l 


we (h; i) lies on the locus given by 
aty=l 
which is a straight line. 
The base of a triangle is fixed. Find the locus 
when it moves so that the vertical. angle is 


Problem 3. 
of the vertex, 
always constant. 

Let AB be the 


eonstant vertical angle. 
We choose 0, the middle point of AB as origin, OB the 


axis of € and a line through O perpendicular to AB as the 


fixed base of length 2a and let « be the 


axis of Y. 
We have clearly OA=OB 


=a, so that the points 4 and B 
are respectively ( — a; 0) and (a,0) 
Let P (v, y) be any point 
on the locus. If then 0, and 0, 
are the angles which AP and BP 
e with the 2-axis, we have 
a=0,-91 
_ tan 0 — tan 63 
is ig j= tan Ys 
tan #=taD (9, -6:) Ae Oa tan 03 


y) 


mak 


where tan 0, — gradient ot AP— E 
and tan 0, — gradient of DEI. 
$ aR 
z—a ata V E19dy 
Hence tan a= VIC aya 
g—-arta 
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a 
9. Find the points on the ellipse 2 +f =] at which the tangents are 


ly inclined to the axes, Find also the area of the Square formed by 
equa S 
RT tangents at these points, 
10. Find the equations of the common tangents to the 
1 a? y’ z? y? 1 
atr! and bi += 5 


11. Find the equation of each of the two tangents to the ellipse 


ellipses 


z y? 
s-++-1=0 
25* 9 


from the point. (-15, —7). (¢.U.7 
12. Find the length of the chord intercepted 


G) by the ellipse 32x? +5y?=32 on the line x+y=4, 


(ii) by the ellipse Zl on the straight line Y= mete, 
a 


—8y=0 and 
iameters of the ellipse 2? +3y? =6, 
14. Show that 4z-3y--4-0 and z43y-7— 


; 0 are parallel to the 
conjugate diameters of the ellipse 422 +9y? =36. 


[C. U.] 

A 15. For the ellipse 8x2 +192 9g find a pair of conjugate semi- 

diameters including an angle tan-1 7, [O.U.] 
16. Calculate 


—4) on the ellipse Z? ,y* - 

Q (6,-4) on he ellipse Toots 
diameters with P, Q as end (C. U. J 
Ya) may be tho. 
F p? LI 
ers ofthe ellipse arb 


17. Show that the condition that (z, 9.) and (25, 


extremities of a pair of Conjugate diamet, 


aie Brno ; and show that in this case Via my ab. [O.U, } 


[ Hints: For the second part, multiply the relations Tt 4.42 E 


ait l and: 
S ra =1 and subtract from the result, em Sy. =0.] 


Prove that 
(i) tan ¢, tan 92-1; 
lii) pmo’ =90° ; 
tiri) CP? - CQ? =a? 4h, 
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: z? y? 
19. Jn the ellipse E» ql construct the equation to that particular 
chord which is bisected at the point (2; 1). [ C. U. 1956 J 
20. Find the locus of the middle points of chords of the ellipse 
a 
z t E =1 which pass through a fixed point (h,-). 
21. Find tho locus of the point of intersection of a pair of tangents of 


y: 
b7 
(i) when the difference oft 


the ellipse zt 
a 


heir gradients is a constant quantity 2k ; 


(ii) which include a given angle a. 


2 y? 
22. Tangents are drawn to the ellipse Sth 1, at the points where 


it is intersected by tho straight line Iv+my+n=0. Find the condition 


that these tangents may be at right angles. 
(Hints: If (h, k) be the point where the tangents intersect, then 


eh ial aad la+my+n=0 must bo identical. Now compare coefficients 
a 


and apply tho condition that (h, k) lines on the director circle. ] 


23. Show that the locus of the point of intersec 


2 y? 
points on tho ellipse up when the difference of their eccentric 
a 


tion of tangents at two 


angles is 2k is 224. sec?k LO. U.] 
angles 18 ise tps o e . U. 


[ Hints: Take the eccentric angles as $--k and à —k.] 


24. Find the locus of the point of intersection of tangents at the 


se 2 QNT el. 
a 


pair of conjugate diameters of the ellip: m 


extremities of a 
[ Hints: The eccentric angles of the extremities of a pair of conjugate 
diameters may be taken as $ and 9094-$ [Ea. 18 (ii)]. Find the tangents 
at these points and eliminate 9.) 
25. An ellipse slides between two straight lines mutually at Tight 
angles. Show that the locus of its centre is a circle. [0. U.] 
[ Since, it is known that the locus of the point of intersection P of two 
perpendicular tangents to the ellipse is the director circle, the distance of 
llipse is constant and equal to the radius of this 


P from the centre of the e 

circle. If now a pair of perpendicular tangents meeting at O be kept fixed 
and the ellipse be made to slide between them, the centre of the ellipse in 
allits positions will maintain the same distance from O and hence will 


move on a cirsle with centre O and radius equal to the radius of the direo- 


tor circle. ] 
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x '86.. Prove that tfe tangent at any point on an ellipse and the tangent 
at the corresponding point of tho auxiliary circle intersect on the major 
axis, 3 


27. Prove that the Product of the focal 
ellipse is equal to the square on the semi-diameter conjugate to CP. 


(Hints: If ó be the eccentric angle of P, then the focal distances are 
a+ae cos $ and a—ae cos $ (Art. VIII-12); also the eccentric angle of 
the extremity of the conjugate diameter is $+90°. ] 


l distances of any point P on an 


Answers : 
B+ 2y=8 ; 2x-y=1. 
5. «-3y+2=0, (-1 


9. e 


10. y= tee Jaros, 


4. (—2, 1), (2,~1), 
> 3); &—3y—2=0, (1,—1). 

ba 
TODA argot Jo 5 2(a7 452), 


ll. z-4y—13-0 and 4w- õy+25=0. 


E TEE żab ee 
12. (i) j3; (à) am gs (lm) (a*m* +67 —¢2), 
15, 22—y-0, x+3y=0 and Qa+y 
16, tan~: & and tan^(— 4) 
2! 


25 bx? +a2y? —b*hz —a*ky =0, 
21. 


20, z—3y-Q0. 


19. 82—~9y=95, 


(3) (s? — a3)? — (9*2? atya 4252) <0, 
(ii) (w*+y? —a2—b?)? tan?a —4(b*r* pay? —a*b?). 
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CHAPTER IX ^ Xue m 


THE HYPERBOLA 


IX-l. Definitions : 
A hyperbola is a conic section of which the eccentricity e is- 
greater than unity. We can therefore define it as follows : 


A Hyperbola is the locus of a point which moves in a plane 
so that the ratio of its distance from a fixed point in the plane 


to its distance from a fixed straight line in the same plane is. 
a constant quantity greater than unity. 

The fixed point is called the Focus, the fixed straight line is 
called the Directrix, and the constant ratio is called the Eccen-- 
tricity denoted by the letter e. 


IX-2. To prove that for a hyperbola 


CS=ae and CZ=2 


Let S be the focus, MZ the directrix and e the eccentricity. 


Draw SZ perpendicular to the directrix. 
Since e >1, there will be a point 4 on SZ and another point 


A' on SZ produced, such that 


SALSA ,. 
AZ AZ 


gA=e.AZ-~ (1) and SA =eAZ: (2) 


4.6, 
from the definition 4 and A’ are points on the 


Hence, 
hyperbola. 
Let the length 
point of AA’, so that CA=CA =a. 


AA’ be called 2a and let C be the middle- 


"12 


trix and perpendicular from th 
axes of coordinates, 
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From (1) and (2), we have 
SA-FSA'—e (AZ-k A'Z), 


e (CS— C4)--(OS4-C 4") - e. A4' — 9ae. 
JB CS-ae zm E 
Again, Sd4'—SA=e¢ (4'Z— AZ), 

“oY, 44'—d(04'--0Z)- (04 — 02), 
ie., 2a=%.0Z, 
< Cz-8 

e 


IX 3. Equation of the hyperbola. 
To find the equation to 


Let S be the focus, ZM the directrix and e the 


nates, 


NATE GEOMETRY 


(i) 


(i) 


a hyperbola referred to the direc- 
€ focus upon the directrix as 


eccentricity. 


SZ is drawn Perpendicular to 
the directrix anq »Z8 is pro- 
duced to X. Let ZX, ZM be 
taken as the axes of coordi- 


As in the case of the ellipse 


le& S be (d, o), so that it 
P(x, y) be any point on the locus, the condition 


SP*=¢? py? 


‘gives (z-4)?+y?=e°z?, 


Since in this case e >1, the equatio 
x'(e*—1)-y?.-E2dx - 22.0. 

This, then, is the required equation, 

IX-4. The standard equation - 

We have d— Zg 


=CS—CZ (Ref. Fig. Art. IX-2) 


=ae—2 


e 


72 0-1) 


n is written as 
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.. Substituting for d in the equation derived in the last 


article, we get 
m?(e?—1)-y° +2 Sle? EE —1)?=0 


ie, (°-1)fz°+2 a] yf (1) 
ie. e -u[? "aate Sa} y 25e -iy4S e -1 


€ 


which reduces to 
(e — (ze) —y? —a^(e^ —1) 


aM 
z-- 
whence, alqm = 
a TOE ve 


E Me sei 4,0) li: oz-*] 


29 
Then the transformed equation is Zz - = 
a a(e*—1) 


Since e >1, the quantity a*(e? —1) is positive. 

If we put a*(e? -1)55 the equation reduces to 
2 

SR IRE 


which is the standard equation of the curve. 


74 4 FIRST COURSE IN PLANE COORDINATE GEOMETRY 


We may, however, derive the Standard equation inde- 
pendently thus : 
With the same construction as in Art. IX-2 we have 


CS=ae and ez-* 


We choose O as the origin, CS as the axis of t, and CY 
a line through C perpendicular to 44’ as the axis of y. 

Let P (x, y) be any point on the curve, 

Draw the ordinate PN and also draw PM perpendicular to 
the directrix, 


Now, the condition. satisfied by P is 


SP-—e.PM. 
d SP*=e*PM* =e ZN, 
3 2 
$6, (z—ae)? +y? -e(-2) j 
e 
i, #*(6* -1)-y* =a? 
g? y? 
whence, af aj] 580 $6 (3) 
2 2 
ien = -b-1 on putting 5* =q7(¢2 =1). 


IX-5. Second focus and second directrix : 


In the figure of the previous article, let S’ and Z' be points 

on the negative side of the z-axis such that 
CS’=0S=ae 
and OZ'-gg-^. 
e 3 

Draw Z'M' perpendicular to C. 
Z'M' and join PS', 

The equation of the hyperbola is 

z? y? 


Z' and PM' Perpendicular to 


a aXe? pb 
or, zle? —1)- y* s a*(* 1), 
i.e., 2^ ae? +y? =at nua 


which ean be written as 


(ad) ey met +4)’, 
€ 
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i.e., (CN--0S'Y--PN* =0°(CN+CZ)’, 
e, g'N2-+PN2=0°Z'N’, 
Lae., S'P?=e° PM” 


i.e., the distance of P from S'=eX the distance of P from Z'M'. 


me curve might have been described with S'as 


Hence, the sa 
In other words the hyperbola has 


focus and Z'M' as directrix. 
a second focus and a second directrix. 


IX-6. Definitions : 

Vertices. The points 4 and A’ where the line joining the 
foci meets the curve are called the vertices of the hyperbola. 

Centre, The middle point of AA’, ic, C is called the 
centre of the hyperbola. 

Axes. The line AA’ is called th 
hyperbola. If two points B and 
such that CB— OB' —b, then the line B. 
gate axis of the hyperbola. 

m. The double ordinate passi 
focus is called the latus rectum of the hyperbola. 

Remark: If we put 2=0 in the equation of the hyperbola 


we get y? — —D?, so that y is imaginary. This shows that the 
s of y in real points. The ‘points B 


tively (0, b) and (0,—5) are 


e Transverse axis of the 
B' are taken on the y-axis 
B'is called the Conju- 


Latus rectu ng through the 


curve does not meet the axi 
and B' whose coordinates are respeo 
clearly not points on the curve. 


IX-7. Geometrical property expressed by the 


equation : 


The equation of the hyperbola can be written as 


b? a 
2 CX 
or, Ves 
a 


M 
(z--aXo— a) 
PN CB' hich may be stated as : 


ie., m 
AN.NA 3 


IX-8, Shape of the curve : 


Consider the standard equation of the hyperbola z = 


The equation can be written ng 


2 a? ——— 
Booch or, yas eae, 


Tt follows that— 


If scat, ie, (z--a)(z— 7 and +a, y is 
imaginary showing that there i; ii 
%=—aandz=+4, the curve 
the right of a=a, 


Ifa? =a", i.e., “=4; or, —a, 


We get two equal values of y namely zero, 
Hence, the lines v=4 and x= ~a 


are tangents at A and A’ respectively, 
Ifz?>q?, te., (x+a)(a—a)>0, £e, va, or, 
and opposite values of V» showing that the cur 
respect to the axis of x, 


«-a, we get two equal 
ve is. symmetrical with 


Again, writing the equation in the form 


la 5 i.e., m= 4S Jy HD, 


the other also increases, 
f two branches each extending to infinity in 
e figure of Art, IX.4, 


IX-9. The eccentricity : 


The relation 
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It may be noted that the conjugate axis of a hyperbola is: 
less or greater than the transverse axis, 


according as b< or >a’, 


3 b? 
2.0.5 ” » -—« or 1, 
a 
H 2 3 
des eo LBEDIS m (yo SO} 
a 
GUT Mare y e^ « or 72, 
i e., according as e< or > J3. 


IX-10. The latus rectum (LSL’) : 


If SL be the ordinate corresponding to the focus S, then the 
coordinates of the point L are (ae, SZ). 


a 
Hence, SA 
a 


b 
.. The semi-latus rectum SL—-. 


,_ 2b? 

Hence, the latus rectum LSL'= “art 

IX-11. An important property : 

To prove that the difference of the focal distances of any 
Doint on the hyperbola is constant and equal to the transverse: 
axis, 

It P(e, y) be any point on the curve ( fig. Art. IX-4). 


SP =e.PM -eZN-«0N —CZ) - -S-e-a. 
D a = 
S'P-ePM' =e Z'N-e(CN-Z o)-«-- 2) =eata. 


Hense, S'P-SP-(ez-ka)- (ez — a) 2a 
=the transverse axis Ad’. 
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IX-12. Mechanical construction : 


Take two strings of unequal length, one being longer than the other by 
2a the transverse axis of the hyperbola. Let S and S’ be the positions of 
the foci o; the curve. Fasten one extremity of the longer string at S’ and 
one extremity of the 
shorter string at S and hold 
the free ends together. The 
longer string S’R is kept 
taut while the shorter one 
is kept in contact with it 

s : by means of a pencil 
placed ta P, as in the figure.. If now the string, S’R is rotated about S’ 


the point P of the pencil as it moves about on the paper will trace & 
curve which is one branch of a hyperbola, for, 


S'P-SP-(S'PX-PR)-(SP4 PR) 
=the difference between the lengths of the strings 
=the transverse axis, 


will be traced by fixing the longer string at S and 


The other branch 
the shorter one at S’. 


@x-13. Results similar to those of the ellipse : 


Since the standard equation of the hyperbola differs from 
that of the ellipse only in having —b? in place of b?, many 
results for the hyperbola will be obtained by simply writing 
—b° for b? in the corresponding result for the ellipse. The 
method of derivation would be exactly the same as in the case of 


the ellipze. Thus, 


3 8 
(1) The equation of the tangent to the hyperbola ^ aoe = 
at the point («,, y1) is 
w= [ Ref. Art. VIII-20] 


(2) The condition that the straight line y=ma+ce should be 


2 
tangent to the hyperbola zi =i 


c=+ Ja*m?—b? 5 $ E 
phd aside Ja^m*-b [. Ref. Art. VIII-21] 


=1 is 


y=mx+ Ja’m?—p? 


is always a tangent to the hyperbola. 
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4 : si es 
(3) The equation of the normal’ to the hyperbola ail 


at the point (z,, yz) is 


x-*. y-yi 


EAD TVA [ Ref. Art. VIII-25 ] 


a? —b? 
(4) The equation of the chord of contact of tangents drawn 


2 
from (xı, y1) to the hyperbola E Posi 


is Siesta [ Ref. Art. VIII-26 ) 
(5) The locus of the middle points of a system of chords 


parallel to y —nz is given by the equation 
2 


yabi [ Ref. Art. VIII-27 J 
am 
which is a line passing through the centre and is called a 


Diameter of the hyperbola. 

(6) The condition that two diameters y=ma and y-m'z 
2 2 
should be conjugate with respect to the hyperbola Za al is 
2 
mm'= = [ Ref. Art. VIII-28 ) 
a 

(7) Asin Art. VIII-24, it can be shown that in general two 
tangents can be drawn from a point (zi, ¥1) to the hyperbola 


2l Ag 
bp: =1 and these are 
y-yi7m;(x-xi) 
and y—-yi=m.(x-x;) 


where m, and mz are the roots of the equation 
(zı n —a?)n? c 9r,yym--yi? +b°=0. 
(8) The locus of the point of intersection of a pair of 


2 2 
tangents to the hyperbola a el which meet at right angles 


is given b 
Y gnis 25 [ Ref. Art. VIII-30 ] 


Which is called the Director Circle. 
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It will be seen that it is 

(i) a real circle if a> b, 

(ii) a point-circle if a=b, in which case the centre of the 
curve is the only point from which the tangents drawn to the 
hyperbola are at right angles, and 

(iii) an imaginary circle if a < b, so that in this case no 
two tangents at right angles can be drawn to the curve. 

IX-14. Rectangular or Equilateral hypertola : 

If the lengths of the transverse and conjugate axes of 


2 3 
a hyperbola are, equal, ze, if a=b the equation ae 


reduces to 
z x^—y*-a?, 
This particular kind of hyperbola is called an equilateral or 
rectangular hyperbola. 
For such a hyperbola, the eccentricity is given by 


2 2 
2_a +b 
e = a~ Where a=), 
a 
i.e. &* —9, or, e= JJ2. 


IX-15. Asymptotes : 


Def: A straight line which meets a curve in two points 
at infinity but which is itself not altogether at infinity is called 
an asymptote of the curve. 

2 2 
To find the asymptotes of the hyperbola z uL =]. 


SIUE 
The straight line y— mz-Fc Ud es (1) 


meets the hyperbola in points whose abscissm are given by 


s?  (mz-cY? Ji 
eo ees 


A 3 =1, 


4.0.5 


&^(* —a*m*)— 9a*mez — a* (0 +02) =0 a2 19) 
If the line (1) is an asymptote both the roots of equation (2) 
must be infinite, the conditions for whicb are 
b'—a*m*-0 and a*mc-0. 


Hence, m= 5 and o=0 (C. 4#0:). 
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Since, we get two values of m, we conclude that there are- 
two asymptotes of the curve whose equations are s 


b "b 
=2 d y2—2 
y-ix and y at 
These lines are clearly equally inclined to the axis of a. 


Cor. If m= +2 , but c¥0, the equation (2) reduces to one 
a 


in which the coefficient of z^ is zero and hence, one root of the 
equation is infinite. Hence, 

Any line parallel to an asymptote of the curve meets it in- 
one finite point and in one point at infinity. 

IX-16. Geometrical construction for the asymptotes : 


Let AA’ and BB" be the transverse and conjugate axes 
of the curve respectively, where CA=CA'=a and CB=CB'=b.. 


Through A and A’ draw lines parallel to the conjugate axis and 
through B and B' draw lines parallel to the transverse axis of 
the curve thus forming 8 rectangle PQET. If now the 
diagonals PR and QT be joined and produced, these will clearly 
s of the hyperbola, for, it is easily seen that 


be the asymptote 
the centre C which is the origin and have 


the lines pass through 
gradients b and 20 , so that their equations are eset 
a a a 


II—6 
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IX-17. Asymptotes of the rectangular hyperbola : 


For a rectangular hyperbola, we haye b=a, so that the 
asymptotes of z^ — y* —a? are given by the equations 
y=x and y=-x 
These are lines making angles 45° and —45° respectively 
with the axis of z and hence, are at right angles to one another’ 


IX-18. Conjugate hyperbola : 


Def.: If AA’ and BB’ are respectively the transverse and 
conjugate axes of a hyperbola, then the hyperbola which has 
BB' for the transverse axis and AA’ for the conjugate axis ig 
called the Conjugate hyperbola of the first. 

Consider the hyperbola given by the equation 


a? y? 


Enel es ve (1) 
The hyperbola conjugate to ( 
along the axis of y and c 
axis of z and hence ts equa; 


1) has transverse axis of length 9b 
onjugate axis of length 2a along the 


tion is 
ie., Z (2) 
The conjugate hyperbola is the dotted curve in the figure of 
Art. IX-16. 


IX-19. Equation of a 
to its asymptotes as axes : 

Let OX' and OY' the asymptotes of the rectangular hyper- 
bola be taken as axes of coordinates and let. P be any point on 
the curve. Draw PN and PM perpendiculars to OX and OX" 
xespectively 


and from M draw MR perpendicular to PN 
Produced and MT Perpendicular to O X, $ 
Tf the current 


rectangular hyperbola referred ' 


P on the curve were taken as (X, Y) 
transverse and conjugate axes as axes of 
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If, now, referred to OX' and OY’ as axes, the point P be 
(x, y) so that OM=a and MP —y, we must have 
X-ON-OT-4- MR-— OM cos 45°-+ MP cos 15m2 


Y-NP-RP- MT- MP sin 45°— OM sin 45 = 02, 
A8 


SEN Y! 


Hence, from (1), we get on substitution, 


saa (tg) =e 


RE 
doy _ os 
or, 2 =a, 
i Bas 
A Xy—5- 
which is therefore the required equation of the hyperbola 


referred to its asymptotes as axes of coordinates. 


IX-20. Some geometrical properties : 


1. The tangent at any point of à hyperbola bisects the angle 


between the focal distances of the point. 
) be a point on the hyperbola 


Let P (21, 1 
z? ^y 
i DAE 
We have, (SP=et15% S'P—ex,- a. sco D) 


[ Art. IX-11] 
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The equation of the tangent at P is 


X1 Ui 


T qub 5 " Q9) 


At T, where the tangent meets the z-axis, y —0. 


Hence, OT -—value of t obtained b 
2 


y putting y —0 in (2) 


=o 
(Ee. 
zn S'T— S'C-E OT — as y. a* 
Tı 
ST-08-O0T-54,—a*. 
Tı 
2 
a 
ae+ 


ST £1 _e%,+a_ §'p 

Hence, Si, ha ates, SaaS from (1) 
ies 

i.e, T divides the base S'S of the 


in the ratio of the sides S'P and SP. 
Hence, PT bisects the angle S'PS. 


triangle S'pg internally 


Remark. : Since, the normal PG is 
tangent PT, it follows that PG 
nally, i.e., the normal at any point o 
between the focal distances of the po 


Perpendicular to the 
bisects the angle S'PS exter- 
f a hyperbola bisects the angle 


int externally, 
Cor. It follows that an e 


llipse and a hyperbola having the 
same foci intersect at right ang], 


es. 
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2. The foot of the perpendicular from the focus on any 
tangent to the hyperbola lies on the auciliary circle. 

Def.: The circle described on the transverse axis AA’ of 
a hyperbola as diameter is called the Auxiliary circle. 


Let the equation of the hyperbola be 


c aum 
a v 
Any tangent to the hyperbola is 
y=maet+ Jam? —V*. MS sae (1) 


Also the equation to the line through the focus (ae, 0) 


perpendicular to (1) is 


(2) 


y= — (e—a). 


It (A, k) be the point of intersection of (1) and (2) the 


coordinates satisfy both the equations. Hence, 
k=mh+ Ja'm? —b* 
and k= — (h— ae) 
m 
whence, (I — mh)? + mk +h)” —(a?m? —b?)--a?e?, 
4.0.5 (h*-EESJ1-- m?) c a*m* — b^ Fa? +b" 


—a*(14-m?) 


Ley h Akaa a result independent of m and hence, true for 


all positions of the tangent. 

(h, K) lies on the locus 
spyta" 

iliary circle. 


Hence, 


which is clearly the aux 
Geometry) : 

ular SY to meet S'P in K and join 
Now prove as in the case of the 


Alternative proof (by 
Produce the perpendic 
OY (figure of Prop. 1 ) 
ellipse that CY — 4S'K= 4(S'P— SP)=a. 


nt at any point P of a hyperbola meets the 


3. If the tange 
le PSZ is a right angle. 


directria in Z, then the ang 
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The proof is similar to that of the corresponding proposition 
(Art. VIII-31. Prop. 3) for the ellipse. 


4. The portion of the tangent at any point of a hyperbola, 
intercepted by the asymptotes is bisected at the point of contact. 


Let the tangent at the point P(g, B) of the hyperbola 
2 2 

ahi meet the asymptotes in the points K(x, y,) and 
Has, Yo). 


The equation of the tangent at (a, 5) 


7 za yb 
is a m = (1) 
The asymptotes are Vis pes EHANA) 
and y--b. pod od 69) 
a 


The coordinates of K will be obtained by solving (1) and (2. 
-". @1=abscissa of K 


— value of z obtained from the equation 
zu Bb 


COUP Se 
ie, z(e 2) 
a'a b 
Hence, eae T 
SATP. 
æ b 
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Again, solving (1) and (3), we get 


£a —abscissa of H 


et, 
aÊ 
RE 
.. Abscissa of the middle point of HK 
sauteed Um n E a \ 
9 9leJa—B/b ' e[a--B/b 
a 
EO Mm 
2 a Bo eos p 
e m 


=a, since (@, Ê) is a point on the hyperbola. 


Similarly, the ordinate of the middle point of HK will be 


found to be f. 
Thus, the middle point 
which proves the proposition. 


ot HK is (a, B) that is, the point P,- 


WORKED OUT EXAMPLES 

on to the hyperbola whose foci are 
tricity is $- 

e middle point of the line 


Ex. 1. Find the equati 
(—1, 3) and (5, 3) and whose eccen 


re of the hyperbola is th 
coordinates are (2, 8). 


rse and semi-conjugate axes, 


The cent 
joining the foci and so its 
It a and b be the semi-transve 


then 


Qae = distance between the foci —6. 


*. 4-9, since e=4 i 
and 06” -a*(e* —1) gives b= NES 
The required equation is 
(z-29. (y= 3) -1 
4 5 ? 


ias 1 5z3—4y^ — 90x 4-24y — 36 =0. 
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Ex.2. If ei ande, 


be the eccentricities of a hyperbola and 
-its conjugate, show that 


1 1 
EET 0.U.] 
eines 1 [ 
Let the equation to the hyperbola be 
a? ye 
D 
"Then the equation to the conjugate hyperbola is! 
4j 2 c? 
jen eal. 
We have clearly, 
| a^? b* +a" 
are Gz and eg” = bs 
1 1 a? b? 
F nAi 2 a* +b Gg? 452 
(cated T 
CPA © 


Ex. 3. If P be the Soot of the perpendicular from the focus 


S of a hyperbola "pon an asymptote, then prove that SP and GP 


are respectively equal to the semi-conjugate and semi-transverse 
ces. 


y-b, Le, br—ay-Q. 
a 
‘The perpendicular from S(ae, 0) upon this line is 
. bae: bae 


== =p 

Vo? +a? ae 
SP=b, the semi-conjugate axis, 
Also, CP= VG8?—sp?= 


ate? — 3 =a 


» the  semi- 
transverse axis. 
EXERCISE IX 
l. Find the length of the axes, coordinates of the foci and the latus 
“rectum of the hyperbola 


[ C. U. 1957] 
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3. Ina hyperbola the distance between the foci is 10 and the eonju- 
gate axis is6. Find its equation referred to its axes as axes of coordinates. 

4. In a hyperbola the distance between the foci is double the distance 
between the vertices. If the conjugate axis is of length 6, find its equation 
veferred to its axes as axes of coordinates. 

5. Find the coordinates of the centre, the eccentricity and the co- 
ordinates of the foci of the hyperbola, 

16x? —9y?+ 322+ 36y — 164 —0. 

6. Find the equation to the hyperbola whose foci are at (8, 3) and 
(0, 3) and eccentricity is $. 

7. Find the equations of the tangents to the hyperbola #*—5y?=40 


which are perpendicular to the straight line 2z—y--3 —0. 
=144, find the equation to tho 


8. For the hyperbola 162? -9y? 
diameter which is conjugate to the diameter whose equation is ora as 


9. Find.the eccentricity of the hyperbola which is conjugate to the 


hyperbola 16x? —9y* =72. 


10. Find the coordinates of the vertices and foci and the equations to 


2 
the axes and directrices of the rectangular hyperbola z| T 


1l. Find tho condition that y-mz-c should touch the rectangular 


a 
hyperbola ay=-<-. 
12. Prove that if 2a be the angle between th 


hyperbola, then e=sec a. 
13. Ascertain the coordinates 


e asymptotes of a 


of the two points Q, R where the 


=1, at the point P (9; 4) intersects the 


2 
tangent to the hyperbola AT 
inall, ve that P is the middle point of QR. 

inate [ C. U. 1950] 
14, Construct the equation of the hyperbola (7) whose transverse and 
respectively along the axes y=0 and z—0 and 
director circle, and besides passes through the 


two asymptotes. F. 


conjugate axes are located 
hasa point-circle for its 


1 RA inally compute the angle between the two asymptotes 
Point (13,—5). Final ly p [ C. U. 1956 ] 
points of intersection of the straight 


15. Prove that the locus of the 


i x z 1 ; varies, is a hyperbol 

I yk — Y- where k varies, 18 a. 

ines 24-4 =k and E 

o axis of y and cuts off a chord of 


16. A circle always touches th f 
Prove that the locus of its centre is 


constant length from the axis of x 

a rectangular hyperbola. 
17. Find the locus © 
2v 


a 
CU 
points on the hyperbola a pot 


f the middle points of the focal distances of 
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18. Prove that the locus of the mid-points of portions of tangents to 
CT oa fe Vm e eU Le 
the hyperbola aie a 1, intercepted. between the axes is — 
19. Ina rectangular hyperbola, prove that 
SP.S'P=CP?, 
20. Tho normal at any point P of a rectangular hyperbola meets tho 
transverse and conjugate axes in G and G'. Prove that 
PG-PG'-PQ. 
21. The ordinate through a point P of a hyperbola meets the asymp- 
totesin Q and Q’. Prove that 
PQ.PQ' = (semi-conjugate axis)? 
22. Prove that the points of intersection of the asymptotes of a 
hyperbola with the directrices lie on the auxiliary circle. 
23. Prove that the circle described on the line joining the foci of 
a hyperbola as diameter passes through the foci of the conjugate 
hyperbola. 


24. Prove that the area of the triangle formed by the nsymptotes and 
any tangent to a hyperbola is constant. 

25. A series of rectangular hyperbolas have the same asymptotes. 
Show that if two lines form a pair of conjugate diameters with respect to 
one of them, they are so with respect to each one of them, [¢. U.] 

26. Find the equation of tho tangent and the normal to the 


rectangular hyperbola zy=c? at the point P (ets. >) and prove that if 
1 


the normal at P meets the curve again at Q (ets; £) then t,*t, 2 — 1. 
E 


Answers : 
l. 6,5; (+496, 0) ; 43, 2. 3$ (£13, 0). 
2 2 
Eh GSC 2—yf-9. 
18-9 7! 4. 32?-y?=9 


5. (—1,2)5 $ ;(4, 2), (6; 2). 


6. Tx? —9y? —56z-54y —32 —0, 

7. @+Qy=4+2 59, 8. 9y232z. 9. £. 
0. EGER ACA M C MICI 

1 vertices Gm 32^ ( jx Val} 


foci : (a, a), (—a,—a) ; axes: y= 
ll. cz aJ - Im. 

14. z3—3-5144 389097 s 
If 2a be the length of the cho 
17. (22— ae)? 4y? 


a? b: 


+a; directrices : tq4y-ta. 
13. (15, 10), (3, —2). 


rd then the locus is z? =y’ =a". 


v 
7, HI = 20 5 82 -t,y=ct, +o, 


—— 


SOLID GEOMETRY 


CHAPTER I 
DEFINITIONS AND FIRST PRINCIPLES 


1. In plane geometry we defined a plane surface as one 
s the condition that if two points taken at random 
joined by a straight line then every point on 
n the surface, and we dealt with properties of 
could be drawn on such a surface. Here, 
Geometry of Three Dimensions we shall 
d solids lying in space. 


which satisfie 
on the surface be 
this line must lie o 
lines and figures that 
in Solid Geometry or 
be dealing with points, 
LINES AND PLANES 
ted, we shall suppose that a straight 
d a plane is of infinite extent, from 


lines, surfaces an 


9. Unless otherwise sta 
line is of unlimited length an 
which the following conclusion 

(1) If & straight line is 

indefinitely produce 
that plane. 


(9) By turning a plane about 
ean be made to pass 


s are obvious. 
drawn on & plane, then when 


d both ways it lies wholly on 


a straight line lying in it, it 
through any given point in 


space. 
By ‘a line’ we shall al 


LINES IN SPACE 

Two or more straight lines are said to 
on a plane or when they are 
ss through them. 

tersect or be parallel. 


ways mean à straight line. 


3. Coplanar lines : 
be coplanar when they are drawn 
such that a plane may be made to pa 

Thus two coplanar lines must either in 

4. Parallel lines: Two ‘straight lines are said to be 
parallel when they 8r? coplanar and do not intersect though 
indefinitely produced. 


5. Skew lines: Straight lines through ¿which a plane 
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cannot be made to pass are said t 


o be Non-Coplanar or Skew. 
S8 


uch lines are therefore neither parallel nor do they intersect. 
T'wo straight lines may therefore exist in space in three 
distinct ways, viz. 
(i) they may intersect, as PS, 
A D SR in the adjoining solid 
figure which represents a 
B parallelopiped ; 
h f (ii) they may be parallel, as 
PS, QR ; or 
(iii) they may be skew, as PS, 
QB. 


A LINE AND A PLANE IN SPACE 


6. Line parallel to a plane: A straight line and a plane 
are said to be parallel to one another when they do not meet 
though both are indefinitely produced. 

7. Line perpendicular toa plane: 


Said to be Perpendicular or 
Normal to a plane w 


A straight line is 


hen it is 
Perpendicular to every straight 
line drawn in the plane through 


the point Where the line meets 
the plane, 


line and a Plane ma ist i i 
ey Y exist in space in 
three distinct Ways : " 


(i) the line may lie in the plane when they haye an infinite 
mmon, 


(ii) the line may intersect the 
one point in common, or 


number of points in co 


plane when they haye only 
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(iii) the line may be parallel to the plane when they have- 


no point in common. 


ANGLE BETWEEN TWO SKEW LINES, BETWEEN 
A LINE AND A PLANE AND BETWEEN 
TWO PLANES 


8. The angle between two skew lines is measured by the- 


angle between one of the 
lines and a line drawn 
through a point on it 
parallel to the other, 
or between two lines 
drawnthrough any point 
parallel to each of the 
given lines. 


Thus in the figure the angl 
measured either by the angle BOK or by the an 
PM are each parallel to CD and PL is parallel to AB. 


o between the two skew lines AB, CD is. 
gle LPM, where OK and 


9, The angle between a line and a plane is measured 
by the angle which the line makes 


with another line drawn in the 
plane joining the point where 

the line (produced if necessary): 
meets the plane to the foot of the 

perpendicular drawn from any 

point of the line upon the plane. 

he angle which the straight line AB 
d by the angle BCD where C is the 

roduced meets it and D is the foot of * 


he adjoining figure tt 
s measure 
BA p 
the plane XY. 


Thus in t 
makes with the plane XY is 
point in the plane X Y where 
the perpendicular from B upon 


:  Dihedral angle: 


between two planes 
d to form a dihedral 


are sai 


10. Angle 
When two planes jntersect they 
angle. 

„A dihedral angle is measured b 


two straight lines, one jn each plane, de 
their line of section each perpendicular to this line. 


y the plane angle contained by 
drawn from a point on, 
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Thus in the figure; if P be any point on 
the line of section AX of the planes AB 
and XY,and PLis drawnin the plane 
AB perpendicular to AX, and PM in the 
plane XY also perpendicular to AX, the 
angle LPM measures the dihedral: angle 
formed by the two planes AB and XY. 


Note: It is assumed that two planes intersect along a straight line. 


PLANES IN SPACE 


11. Parallel planes: Planes are said to be parallel when 
they do not meet though produced beyond limit in all directions. 

19. Perpendicular planes: Two planes are said to be 
perpendicular to one another when the angle which measures 
the dihedral angle formed by the planes is a right angle. 


PROJECTIONS 


13. The projection of a point on a plane is the foot of 
the perpendicular drawn from the point upon the plane. 


14. The projection of a line (straight or curved) on 
a plane is the locus of the feet of the perpendiculars drawnfrom 
all points of the line upon the plane. 


Thus in the figure, the projection 
ofthe line AB on the plane XY is 
the line A’ B' where AA'...PP'...Bp' 
are the perpendiculars drawn from 
A...P...B on the plane XY. 


It can be proved, as will be shown hereafter, 
jection of a straight line on a plane is also a sir 
that the line and its projection are coplanar, 
give the following definition. 


that the pro- 
aight line and 
We can therefore 


The projection of a straight line of limited length on 
a plane is the length intercepted between the feet of the per- 
pendiculars drawn from the extremities of the line on the plane 
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In the figure, the lines AA’, BB’ are drawn perpendiculars from A, B 
to the plane XY to meet it in A’, B' respectively. Then A’B’ is the 
projection of AB on the plane X Y. 


It will now be seen that the 
angle which a straight line makes 
with a plane is measured by the 
angle between the line and its 
projection on the plane. , For if 
AB and A'B’ be produced to meet 
in O, then the angle BOB’ mea- 
sures the angle which 4B makes with the plane XY. 


15. Length of projection: If 4B makes an angle 6 with 
the plane XY then clearly Z BOB =8. 
From 4 draw AO parallel to A'B’ to meet BB' 


Z BAC= ZBOB'—-0 
4 A'B' = AO, being opposite sides of a rectangle 


=AB cos BAC 


in C. Then 


ie, A'B'—AB cos 0. 


Thus the length of the projection 
AB on a plane XY is equal to AB co 
made by the straight line AB with the plane XY. 


of a finite straight line 
s 0, where 0 is the angle 


AXIOMS 


16. In discussing properties of lines and planes in space we 


shall base our deductions on the following fundamental truths 


which are regarded as axioms. 
One and only one plane passes through a given 


Aciom—1. : S 
line and a given point outside tt. 


m—2. If two planes have one point in common, they 


Asio Hed 
have at least a second point in common. 
From the above the following conclusions also immediately 


follow : 
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(1) The position of a plane is fixed when it passes through 
(a) two intersecting straight lines ; 
(b) two parallel straight lines B 
(c) three non-collinear points. 
(2) The locus of a straight line which always 
(a) ‘passes through a fixed point and intersects a fixed 
straight line ; 
(b) intersects two fixed intersecting straight lines ; 


(c) intersects two fixed parallel straight lines ; 
is a plane. 


CHAPTER II 
LINES AND PLANES IN SPACE 
THEOREM 1 


Two intersecting planes cut one another in a straight line and 


in no point outside it. 


Let AB and XY be any two intersecting planes. 
It is required to prove that the planes AB and XY intersect 


in a straight line and in no point outside it. 


sis the planes intersect, they must have 
a point common to them. Let this point be A. Then they must 
have a second point also in common (Axiom 2). Let this point 
be Y. Then the straight line joining the common points 4 and 
Y must lie on both the planes ; in other words, the planes inter- 
sect along the straight line AY. 

let there be another-point P outside the- 
mmon to both the planes. Then we: 
B and XY passing through the line: 
hich is absurd. ( Axiom 1) 


XY intersect along the straight 


Since by hypothe 


Also, if possible, 
straight line AY which is co 
have two distinct planes A 
AY and the point P outside it, w 

Hence the two planes 4B and 
line AY, and in no point outside it. 


Exercises 


l. Prove that two intersecting straight lines cannot both be parallel 


to a third straight line. 
I—T7 
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[ Let AB and CD intersect at O and let AB be parallel to EF. 


AB and EF being parallel must be 
IE: F coplanar. If CD lies in this plane, then 


it cannot be parallel to EF, since it inter- 
| D sects AB, one of the two parallel straight 
A _B lines AB and EF. If CD does not lio in 


o the plane of AB, EF then, if possible, let 


CD and EF be coplanar. In that case the 
$ planes of AB, EF and of CD, EF have 
‘the line EF and the point O, outside EF common. to them, which is 


: absurd. Hence CD and EF cannot be coplanar and therefore cannot be 
į parallel. ] 


2 


<€ 


- Provothata plane which contains only one of two given parallel 
: straight lines is parallel to the other. 

3. Two planes aro drawn through two given parallel straight lines, 
*one through each. Prove that their line of intersection is also parallel to 
the given lines. 


4. Two parallel planes are intersected by a third plane. Prove that 
^the two lines of section are also paralel. 

5. If two planes are such that the same straight line is perpendicular 
rto both, then prove that the planes must be parallel, 


6. Prove that the lines of section or three non-collinear planes aro 
either concurrent or parallel, 


THEOREM 2 


If a straight line is perpendicular to each of two intersecting 


«straight lines at their point of intersection, it is perpendicular to 
«the plane in which they lie. 
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Let OP be perpendicular to each of the two intersecting 
straight lines OQ and OR at their point of intersection O and let 
XY be the plane in which OQ and OR lie. 

It is required to prove tha& OP is perpendicular to the plane 
XY. 

Through O draw any line OC i 
CA and CB parallel to OQ and 
diagonals of the parallelogram forme 
is the middle point of AB. 

Join PA, PB and PD. 

Since D is the middle 


OAB, we have 
043-- 0B? 2 20D* -24D* 3 ie (1) 


n the plane XY and draw 
OR xespectively. Let the 
d interseot in D, so that D 


point of the side AB of the triangle 


Similarly from the triangle PAB, 
pA? +PB?=2PD* +24D* eM i 63) 
Subtracting (1) from (2), we get : 
ubtracting (1) e og*)=9(PD*— OD") S 5 


(PA* —04?) (PB 
Since PO is perpendicular to OA, OB 
pA3—043 — PO* and PB*-Ob*- PO*. 
.. From (3) 2P0°= XPD- 0D?) 
or, PO?+0D* =PD*. 
Hence PO is perpendicular to any line O. 
the plane XY. 
*. PO is perpendicula 


D which meets it in 
r to the plane XY. 


Exercises 
utually perpendicular lines. OP is 


Z are three mM x 
that XY is perpendicular to the 


1. OX, OY and O 
XY. Prove 


drawn perpendicular to 
plane of the triangle OPZ- ie utt. 
ight lines which are mr a] endi- 
2. OA, OB, OC are three straig! y : 
cular, If AD is drawn perpendicular to BO, shew that i pa uon 
Í J. U. 1952 
cular to BO. : 
3. I i ndicular to 2 plane and iffrom B,the foot of the 
erm Y: BE is drawn perpendicular to aline CE in the 


perpendicular, the line 
Y E i the plane of AE, BE. 
plane, show that CE is perpendicular to the P ; "0. Ui 1950] 
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4. A straight line PQ is drawn in the plane XY and from a point Æ 
outside the plane, AB and AC aredrawn perpendiculars to the plane 
XY and to the straight line PQ respectively. Prove that PQ is perpendi- 
cular to the plane of AB, AC. 


5. Provethat one and only one perpendicular can be drawn to 9 
plane (i) at a given point of it, (ii) from a given point outside it. 


6. Provethattherecannot be more than three mutually perpendi- 
cular straight lines in space meeting at a point. [ 0. U. 1948 ] 


THEOREM 3 


All straight lines drawn perpendicular to a given straight line 
at a given point on it are coplanar, 


Let each of the straight lines OB, OG, OD be perpendiculars. 
to the straight line OA at the point O. 


It is required to prove that OB, OC, OD are coplanar. 
Let XY be the plane which passes through OB, OC and PQ 
the plane which passes through OA, OD and let OP be the 
common line of section of the planes XY and PQ. 


Since O4 is perpendicular to OB and OC, it is perpendicular 
to the plane XY in which OB, OC lie. 


OA is perpendicular to OP which meets it in the plane 
XY, ie, OP is perpendicular to OA. 
Also, by hypothesis, OD is perpendicular to OA. 


OD and OP both lying in the plane PQ and being per- 
pendieular to OA which is 


coincide, 


also a line in the same plane, must: 
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Hence OD lies in the plane XY, ie, OB, OC, OD are 


coplanar. 


Similarly, any other straight line drawn perpendicular to OA 


at O lies in the plane XY. 
'. All lines drawn perpendicular to OA at O are coplanar. 


Exercises 


1. Find the locus of a point in space equidistant from two given 
1 [0.U.] 


points. 

[ If A and B be the given points and P a point on the locus then the 
line PO joining P to the middle point C of AB must be perpendicular to 
AB. .. Such points lie on lines through C perpendicular to AB. These 
lines alllie in a plane. Hence the locus is the plane which passes through 
the middle point of the line joining the given points and is perpendicular 


to this line. ] 


2. . Find the locus ofa point in space which is equidistant from the 


vortices of a triangle. 
quidistant from three 


3. Prove that a point can be found in a plane e 
[0. U.) 


points outside the plane. State the exceptional cases, if any. 
4. Prove that all straight lines drawn perpendicular from a given 
lines in space are coplanar. 


point to a system of parallel straight 
(C. U.] 


gh the given point parallel to the 


line throu) 
pendicular to 


[Hint: Drawa straight 
given system and prove that all such lines drawn are per 


this line. ] 
show that the vertex 


bout its base: 
[0. U.] 


5. If a triangle revolves ^ 


describes a circle. 
rawn from an external point to a plane; 


6. Ofall straight lines d 


prove that the perpendicular is the shortest. 


uidistant from an external 


B,C ona plane are eq 
r from O on. the plane is 


7. If three points A, $ 
point O, show that the foot of the gani Dar 
the centre of the circle which can be drawn through 4), B, V. 
ae [ C. U. 1946) 
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THEOREM 4 


If, of two parallel straight lines, one is perpendicular to a 
plane, the other is also perpendicular to the same plane. 

Let the two parallel straight lines AB and CD meet the 
plane XY in B and D and let AB be perpendicular to the plane. 


1) 


It is required to prove that CD is also perpendicular to the 
plane XY, 

Join BD and through D draw EDF in the plane XY per- 
pendieular to BD making DE-— DF. 

Join BE, BF and AE, AD, AF. 

Since by construction, 
EF, we have BE— BF. 

Now, in the triangles ABE, ABF, 

BE- BF, AB is common 

and Z ABE — Z ABP, each being a right angle 


BD is the perpendieular bisector of 


(Since AB is perpendicular to the plane XY and BH, BF 


meet it in this plane ) 


The triangles are congruent and so AH= AR, 
Again in the triangles ADE, ADF 


since AE=AP, ADis common and DE= Dp. 
(by construction) 
++ ZADE- Z App 


and being adjacent angles, 
Hence DE is Perpendicular to DA. 
Also, DE is Perpendicular to DB (construction), 


jg DE is Perpendicular to the plane in which DA, DB lie, 
^65 to the plane of the parallels AB, CD, 
Hence CD is perpendicular to DE. L) 


each is a right angle. 
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Again, since AB and CD are parallel and BD meets them,. 


s s. ZABD+ ZCDB=2 right angles. 
But Z ABD=1 right angle, since AB is perpendicular toni 


the plane XY. 
s. ZODB is also a right angle 


i.e OD is perpendicular to DB. ds Dod (2) 
*. From (1) and (2), CD is perpendicular to the plane of . 


DE, DB, 
ic, OD is perpendicular to the plane XY. 


Exercises 
pendicular to the same 


ve that if two straight lines are both per| 
[ C. U. 1957, 49, 45]: 


her. 


1. Pro 
plane they are parallel to one anot 

( This is Converse to theorem 4. 

With the same construction as in the theorem we prove that 

DE is perpendicular to DA 

Also, DE is perpendicular to DB (construction) 
DE is perpendicular to CD (Since, by hypothesis, 
CD is perpendicular to the plane XY) 

.. DA, DB and CD are coplanar. 

A and B being points inthis plane, it follows that 4B and CD are- 
coplanar. 


And since (by hypothesis) 
ABD + LODB= ] rt. angle+ l rt. angle 
=2 rt. angles. 


Again, 


"e. AB is parallel to oD.) 
& straight lines jn space which are parallel to a given: 


ne another. 


2. Prove tha 
straight line are parallel to or 
straig) 
lines in a di 
pair of Jines is equal t 


ht lines are respectively parallel to two 
fferent plane, then prove that the 
o the angle contained 


3. Iftwo intersecting 
other intersecting” straight 
angle contained by the first 
by the second pair. : 

4. Prove that the figur? formed by joining the middle points of the - 

(des i ii llelogram. 
sid drilateral is & paral k^ 

' [S ed iba of a pair of skew lines be joined, the figure thus- 
Viro eut. ides lie in one plane and” 


quadrila whi Wi jacent s 
ned is a quad ilateral of which two ad D i 
i n another Such & quadrilateral is known as a Skew- 
her. h 


the remaining two i 
quadrilateral or gauche. 1 
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5. If perpendiculars are drawn from any point to a system of parallel 
straight lines in space, then all the perpendiculars lie on a plane 
perpendicular to the parallel lines. [C. U.] 


6. Provethatthe locus of the feet of the perpendiculars] drawn 
from an external point to a system of parallel straight lines lying in a 
plane is a straight line perpendicular to the parallel lines, 


7. AB is drawn perpendicular to a plane XY and from B, the foot of 
ithe perpendicular, a line BD is drawn perpendicular to any line DE in the 
plane. Prove that AD is perpendicular to DE, 


(Hint: Produce ED to P making DF=DE (Fig. Theorem 4) Join 
BE, BF and AE, AF. Now proceed as in the theorem. 

Otherwise: Join BE, AE, 

Now DE*-BE?*-BDp:* 


C. BDisperp.to DE ) 
—(AE'* — AB*) - (AD? — AB?) 

> C.* AB is perp. to BE and BD) 
-AE*- AD? 


ie, AD'DERAEN  «:, AD is perp. to DE, 


This is known as the Theorem of the Three Perpendiculars ] 


8. Prove that the Projection of 
straight line, 


@ straight line on a plane is itself a 

[ C. U. 1955] 

[Let AB be the Biven straight lino 

and XY the given plane and let P’ ie the 

foot of the perpendieular drawn from any 

point P in AB to the plane XY. Then 
the locus of P” is the projection of AB, 


Let AA’ and BB’ be drawn perpendi- 
culars from A and B to the plane XY. 


Since 4A’, PP’, BB’ are all perpendi- 
IUe eds 


culars to the plane XY, they are parallel 
io one another (Converse to Theor. 4). 
es are inter: 


Since these parallel lin 
are coplanar, 

SC RP 
plane XY, 
‘planes, 


ected by the straight line AB, they 


lying in the plane of these parallels viz, AB’ and also in the 
must be a point on the line of section A’B’ of these two 


But P being any point on the given line, P’ is any point on the locus, 
P yu peus oerte oo the projection of Ap isthe straight line 
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THEOREM 5 


If a straight line is perpendicular to a plane, then every planz 
passing through it is also perpendicular to that plane. i 

Let the straight line AB be perpendicular to the plane XY: 
and PQ any plane passing through AB. : 

P 


It, is required to prove that the plane PQ is perpendicular to 
the plane XY. 

Let MQ be the line of section of the planes PQ and XY. 
Draw BO in the plane XY perpendicular to MQ at B. 

Now AB, being perpendicular to the plane XY, is perpendi- 
cular to MQ, the line of section. 

" Thus AB, BC lying in the planes PQ 
both perpendicular to the line of section MQ. 
saer» £ ABC measures the dihedral angle between the planes 


PQand XY. | 

Again, since AB is perpendicular to the plane XY and BO 
meets it in this plane» 
“ZABO is a right angle. 


Hence, the angle which mea: 
by the planes being a right angle, 
to the plane XY., 


exe respectively are 


sures the dihedral angle formed 
the planc PQ is perpendicular 


nes are perpendicular to one another, 
e of thé planes perpendicular to the 
s is also perpendicular to the other 


Cor. 1. If two pla 
then any line drawn in on 
line of section of the plane 
plañe. —' 

[In the figure of Theorem 5, if PQ and XY be two planes perpendí- 
cular to one another, then any line AB drawn in the plane PQ perpendi- 
cular to the line of section MQ, is also perpendicular to the plane X Y 


Pt. II 
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This can'easily be proved by drawing BC in the plane XY perpendi- 
cular to MQ at B. Forthen, the planes being at right angles, LABCis 
aright angle; also / ABQ isa right angle. -". 


AB is perpendicular tO 
the plano of BC, BQ, i.e. to the plane XY. ) 


Cor. 2. If two planes are perpendicular to one anoth- r: 
then a perpendicular drawn from any point on one f the planes 
to the other plane lies in the first plane. 


[Let PQ ani XY be two planes perpendicular to one another. if 
possible, let AD be the perpendicular drawn from any point A in the 
plane PQ to the plane XY, the foot of the perpendicular D not lying on. 
the line of section MQ. Let AB be drawn perpendicular to MQ- Jo 
EDI Then) by Cor) 1 AB being perpendicular to the plane XY, ZABA 
is aright angle. Also AD being perpendicular to the plane XY, LADB 


isa right angle. Thus in the triangle ABD, the angles at B and D 
areright angles which is absurd. Hence D must coincide with B, i.e 


the perpendicular lrawn from any point A inthe plane PQ to the plano 
XY must lie in the plane PQ. ] 


Exercises 


1. Draw a plane perpendicular to a civen plane and passing throug! 
a given straight line not lying in the given plane. (C. U. 1954 J 


2. Through a given point draw a plane perpendicular to each of two 
intersecting planes. (C. U. 1953 J 


3. If two intersecting planes are each perpendicular to a third plan? 
prove that their line of section is also perpendicular to that plane. 


2 
( C. U. 1953, 2] 
ino 
f Let the two planes PQ and MN intersecting along the straight Ji» 
AB be each porpendic ula" 
the plane XY. 
o 
Let a perpendicular v 
drawn from any point A z 
the line of section 69 a 
plane XY. 


Then since the plan? E 5 
is perpendicular to the P ^it 
XY end A lies in ^Y" je 
perpendicular drawn zr 3) 
in PQ. (Theor. 5> 
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Similarly, the perpendicular drawn lies in the plane MN. 

Hence the perpendicular drawn lying in both the planes PQ and MN 
must coincide with AB, the line of section of the planes. 

ie, AB is perpendicular to the plane XY. ] 

4. A straight line intersects 4 number of parallel planes ; prove that. 
the angles which the line makes with the planes are all equal. 

5. Ifa plane intersects two parallel planes, show that the correspond- 
ing dihedral angles are equal. [¢. U.] 

6. From a point outside two intersecting planes two perpendiculars. 


are drawn on tho planes. Show that the line of section of the planes is 


perpendicular to the plane in which the two perpendiculars lie. [0. U.J 


CHAPTER III 
SOLID FIGURES 


l. Definition: ASolid figure or simply asolid is a 
portion of three dimensional space bounded by one or more 
surfaces, plane or curved. The bounding surfaces are called 
Faces, and the lines, straight or curved, in which these faces 


intersect are called Edges and the points where any two edges 
meet are called Vertices of the solid. 


2. Polyhedron: When the faces of asolid are several 
plane surfaces, it is called a polyhedron. 


It can be seen that at least four planes are necessary to 
enclose a three dimensional space and so the least number of 
faces of a polyhedron is four. The shape of a polyhedron will 
vary according to the number and nature of the fi 


aces compos- 
ing it, 
3 Parallelopiped : A polyhedron formed by three pairs 


of parallel planes is called a 


eae parallelopiped. The opposite 
parallel faces of a parallelo- 
piped are congruent para- 
L^ llelograms and it has twelve 
edges which fall into three 
and eight vertices, 


4. Rectangular parallelopiped or Cuboid : If the faces 
ofa parallelopiped are all rectan 


parallelopiped. Tt may 
bounded by three pairs of 
A rectangular parall 


€roups of four equal straight lines, 


gles, the figure is a rectangular 
therefore be defined as a polyhedron 
rectangles in parallel planes, 


elopiped has therefore three pairs of 
congruent rectangles in parallel planes as faces, 


four equal Straight lines as edges and eight vertic 
At each vertex three faces mutually 


hence the three edges passing through each vertex also form 
a System of three mutually perpendic 


k ular straight lines which 
are its length, breadth and height. From the adjoining figure it 
can be easily seen that 


three\groups of 
es. 


at right angles meet and 
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1 to the two faces which it intersects ;. 


(i) Any edge is norma 
e.g., OC is perpendicular to the 
faces OBNA and CLPM. 

(ij) Any face is perpendi- 
cular to the four faces which it 
meets; e-ga the face OOLB 
is perpendicular to the faces 
OAMC, BNPL, CLPM and OBNA. 

(ui) If the length 04, the breadth 
of a rectangular parallelopiped be a, b, ¢ U 


(a) the whole surface 
CLB+2. area OAMC 


OB and the height [0103 
nits respectively, then 


—9. area 0 --9. area OBNA 

= 9bc--9ca- 2ab 

— 3 (bo--ca-- ab) units of area 

=9 X sum of the products of the edges taken two at 
a time. 

= abc units of volume 

th X breadth X height 

say ON 


(b) the volume 
= leng: 
(c) length of any diagonal, 
= J0 + ON? 
- Joo? FOA + AN* 
= Joa FOB* +00° 
= JFF. 
o the face OANB, it is perpendicular to 


ON is a right angle ; similarly 


Note: Since ac is, normal t 
the plane ANPM. 


n the plane and so ZC 
OA being perpendicular to 
fa rectangular parallelo 
the figure is a cube. 
defined as & polyhedron 
1 squares. 


ON which meets it i 
ZOAN is a right angle» 
5. Cube: If the faces 0 piped are 
all squares; Tt may 
therefore be 


bounded by sia equa 


A cube has therefore six square faces. 


all of equal area, twelve edges of equal 
d eight vertices. 


length an 
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10. Tetrahedron: A polyhedron formed by four tri- 
angular faces is called a tetrahedron. 


A tetrahedron is thus a pyramid on a triangular base. 


A tretrahedron is said to be right when the base is an equi- 
lateral triangle and the three side-faces 
are congruent isosceles triangles. 


If the base as well as the three side- 
faces are equilateral triangles, it is 
a Regular tetrahedron. 


SOLIDS OF REVOLUTION 


11. Right circular cylinder: The solid generated by one 
complete revolution of a rectangle about one of its sides as axis 
is called a right circular cylinder. 

In the adjoining figure, the rectangle ABCD revolves about 
the side AB as axis and the solid thus formed is 
bounded by a curved Surface generated by the 
motion of the side CD and the two plane 
circular ends described by the sides AD and 
BC. The side CD whieh during the motion 
always remains parallel to the axis is called the 
generating line of the surface and the two 
plane-ends are called the bases. The length 
of the axis AB is called the height of the 
Cylinder. This height is also th 


circular bases, 
Note. 


c 


e distance between the two 


Ifa straight line moves parallel to itself 
& fixed curve not in the sa 
said to be cylindrical, 

moving straight ling is cal 


and always intersects 
me plane with the line, the surface generated is 
The fixed curve is called the Guide and the 
led the generating line of tho curved surface. 

t circular cylinder the guide is a circle and the 
pendicular to the generating line. 


It ‘T’ be the radius of the base and ‘h’ the height of the 
right circular cylinder, then 


(a) the curved surface — circum ference of the base X height 


—27rh units of area, 
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(b) the whole surface =the curved surface area of ihe 
plane ends. 
—9ayhd- 9217 


=9ar(h-+7) units of area 


(c) the volume — area o f the base X height 


— ay! h«units of volume. 


12. Right Circular Cone: The solid generated by one 
e about one of the 


complete revolution of 8 right-angled triangl 
sides containing the right angle as axis is called a right circular 
cone. 

If the right-angled triangle ABC revolve about one of its 
sides, say AB, containing the right angle, the solid formed is 
bounded by a curved surface generated by A 
the motion of the hypotenuse AC and the 
plane circular end described by the side 
BO. The side AC which during the motion 
always passes through the point 4 is called ; 
the generating line of the surface and the i 
r a d ea Ge base of 
the cone, The point A is called the vertex 
and the angle BAC is called the semi- 


Vertical angle of the con® The length © 
the height of the cone and the length of the hypotenuse AC is. 


called the slant height. 


[e 


f the axis AB is called 


pass through a fixed 
not in the same plane 
In the case of a right 
x lies on the line 


s so as always to 


Note, Ifa straight line move á 
e, called tho guide, 


Point and intersects a fixed curv 
With it, the surface genorated is said to be conical. 
circular cone the guiding curve is & circle and the verte: 
through the centre of the circlo perpendicular £o its plane. 


It " be the radius of the base: ‘n’ the height and '" the 
Slant height, then ; 
(a) the curved surface=2* (circumference of the 
base) X slant height 


2497 
2 zrl units of area. 


II—6 
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(b) the whole surface=the curved surface--area of the base 
-—ap4er 
=27(1-+7r) units of area. 
(c) the volume $ x (area of the base) X height 
—izr?h units of volume. 


Note. Volume of a cone=}x(volume of the cylinder of the same 
height and radius of the base). 

Def: Ita cone be cut off by a plane parallel to its base, 
then the portion between the base and the parallel plane is 
called a Frustum of the cone. The plane ends are called the 


bases and the perpendicular distance between the bases is called 
the height of the frustum. ` E 


13. Sphere: The solid generated by one complete 


revolution of semi-circle about its diameter as axis is called 
a sphere. 


A E In the adjoining figure, the semi-circle 
APB having its centre at O revolves about 
the:diameter AB and generates the sphere. 
The surface of the sphere is described by 
Neal the'motion ofthe semi-cireumference APB. 
Ec It follows that all points on the surface 
he cB are at a constant distance from the centre 
» O. Hence the sphere may also be defined as 
a solid bounded by a curved surface which is the locus of a point 
which moves in space so that its distance from a fixed point is 
always the same. The fixed point is called the centre of the 
sphere and the constant distance is its radius. 
If? be the radius of a sphere, then 
(a) its surface=4zr? units of area 
(b) its volume=$zr? units of volume. 


WORKED OUT EXAMPLES 


Ex. 1. The whole surface of a rectangular parallelopiped is 
192 sq. in. 


5 The area of the base and one of the vertical faces are 
respectively 48 sq, in. and 36 sg. in. Find the edges. 
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If the length, breadth and height be respectively a, b and c, 


' then we have 


9(ab--bc--ca) — 199, ab— 48 and ac 36. 


Hence be=96 —48—36=12 
ois ab.ac.bc = 48.36.12 

—(19.4)(19.3)(4.3) . 
i.e. (abc)? —(12.4.3)*. 


Hence abc — 19.4.8, considering only positive values. 
Dividing respectively by bc, ca and ab, we get 

419, b=4 and c=3. 
Ex.2. A right prism stands on a triangular base whose sides 
; and the height is 10 em. Find 


are 17 cm., 10 cm, and 9 cm. 
[6:0,] 


the volume and the surface. j 
We have, area of the triangular base 


= Js(s—aXs-— bs c) 
1710-9 gy 


where s=semi-perimeter = 9 


= J18.1.8.9= 4/924 =36 sq. om. 

e=(area of the base) X (height) 
=36 x10 ; x 
=360 cu. em. 

The whole surface = lateral surface--area of t 
=(17+10+9) X 10--2 X 36 
=360+72 
= 432 sq. em. 

yramid of height 12 cm. stands on œ square 

base whose side is 10 cm. Find (i) the slant edge, (ii) the slant 

surface and (iii) the volume of the pyramid. 
In the right pyramid (0, PQRS), 
ave have: 
00=12 cm; OL-iPQ-6 cm. 
ps 0L?200?--0L^ x 
(552200. is perp. to OL) 
=19°+53 
-18*. 


.. Volum 


he plane ends 


Ex.9. A right p 


[e] 
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Hence (i) any slant edge (say 0Q) 
= Ona, (82) qm perp. to QR ) 
= V169-F95 
= X194 
—13'99 cm. 
(ii) the slant surface 
=H(perimeter of the base) X slant height 
=3x 40x13 
= 260 sq. em. 
(iii) the yolume= 
—1X10?x19 
7:400 cu. em. 
Ex.4. The whole surface.of 
the diameter of its base be equal t 


3 (area of the base) X height 


4 cylinder is 994 sq. om. If 


o the height, find its volume. 
(= 
Ifh be the height and r the radius of the base, then the 
whole surface =2arh+ mr? a 
=2rr rE Imr? (ee h=2r ) 
j =6xrr? 
Hence 627? —994 
: a29MXT v, 
T 6x99 


«<. The volume = Fr" h=22-77 14=9156 cu. em. 
Ex.5. A right circular cone 
a plane parallel to the base. 
are equal, prove that the plan 
ratio 3—1: 1, 


1s. divided into two paris by 
Tf the volumes of the two portions 


Let B'O' be the radius. of the circle in 


which the dividing plane cuts the cone 
and let 


AB=h, BO=y 
and AB'—W, B'O =F 
Then from the given condition, 
4x7? h — oare 


"m Gy 3-5 mte 
T uU 


A 


e divides the avis of the cone in the 
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But from the similar triangles ABC and AB'C* 


rh 
TUUM. 
Hence from (1), [z ) =2 
5 h sim 
"doo 7 Na 
- h—h SP il 
ty Du 1 


i.e, the plane divides -the axis of the cone in the ratio 
2/4—1 : 1. 


Ex. 6. Find the volume of the frustum of a cone the radii 
of whose bases are Tı and va, the height 
of the frustum being d. 

Let 00-2h;, CB=11 

and OC'=hs, C'B'=1rs. 

«Then from similar triangles; ` 
arse CST no B) 


The required volume 
— vol. of the cone OAB — vol. of the cone OA'B" 


-ixr?hi— —jars?hs t 

=4}7 (r, CH 

=}ak (hi? he") from (i) 
= hah? M T AE T hahaha 2) 

=4ad (k*h4* 4-kh;. that kha?) [S hi hS ] 
=4ad(r,2 trite ts”). : 

ay in the form of a solid sphere is 


a cylinder of height 16 inches. Find 


linder supposing it to be equal 
[ 0. U.] 


Ex. 7. A lump of cl 
converted into a right circul 
the radius of the base of the cy 
to the radius of the sphere. 


If r be the radius of the sphere then the radius of the base of _ 


the eylinder is. also r. We have then 
53 =ar?.16 since the volumes are equal. 


7=12 inches. 
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Exercises 


1. The diagonal of ʻa rectangular parallelopiped is 13 inches and the 
whole surface is 192 sq. inches, Find the sum of the three sides. 


2. A vertical pillar 12 ft. high stands on a rectangular baso whose 


area is 12 sq. ft. Ifits diagonal is 13 ft., find the dimensions of tho 
base. È 


3. The length, breadth and height of a rectangular block are propor- 
tional to 3,4 and 5. If the whole surface of the block is 2350 sq. cm., 
find the dimensions of the block. 


4.. What is the length of the edge of a cube of which the total area of 
the surface is 3407560 sq. em. ? - [O.U. 1956 ] 


5. Thelength; breadth and height of a closed box are 12 in., 10 in. 
and 8 in. respectively and tho total inner surface “is 376 sq. in. ; if the 
walls of the box are uniformly thick, find the thickness. [ C. U. 1958] 

6. Find the volume and tho lateral surface of a right prism 8 inches. 
long standing on an isosceles triangle, each of whose equal sides is 5 in 
and the other side 6 in, [ C. U. 1958] 
7. The base of a right’ prism is a right-angled triangle, the sides 
containing the right angle being 3 cm. and 4 em. Ifits Height be 5 cm., 
find the volume and the lateral surfaco, 


8. The base of a right prism of height 12 cm. 
perimeter is 30 cm., and the volume is 432 
„the inscribed circle of the base triangle, 


is a triangle whose 
cu. em.; find tho radius of 


9. Find the volume of the pyramid of which 


(i) the base is a triangle whose sides are 8 em., 


15 em, and 17 em. 
and the height is 12 cm. 


[0. U.] 
(i) the base is a triangle of sides 5 in., 6 in, and 7 in. and tho 
height is 54/6 in, 


10. Find to the nearest hundredth of a centimetre the slant edge of 
a right pyramid whose height is 12cm. and which stands on a square 
base of side 8 em. 


ll The base of a right tetrahedron is an equilateral triangle of side 
nches and its height is 4 inchos, Find the slant height and the surface 
area, > 
12. The faces of a tetrahedron are four equilateral triangles ; find the 
uen of the faces of tlie tetrahedron,if tho length of a side of each triangle 
is 4 ft, Find also the volume of the tetrahedron. [C. U.] 


surface is 450 sq. inches, Find the volume of the cylinder, 


_ bo at right angles to the axis, 
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14. A cubic inch of gold is drawn into a wire 1000 yards long ; find 
e nearest thousandth of an. inch. 
[C. U. 1938 ] 


the diameter of the wire to th 
(7 =3°1416) 
15. If À be the height and a the semi 


circular cone; then prove that its surface S and the volume .V are 


-vertical angle of a,right 


given by 
2 
pariter si V-irh: tan*c 
cos a 


16. Find tho volume and tho area of the slanting surface of a right 


circular cone of height 4 feet and the radius of whose base is 3 feet 


if (0.0. 


(m 22) 


17. Show how to draw & plane p 
nto two parts o: 


arallel to the base of a right circular 


cone so that it divides the cone ii f equal surfaces. ( €. U. J} 


has its upper part cut off by & 
Tf the plane of section 
ginal 


18. Aright circular cone 20 feet high 
ssing through the middle point o: 
ü and if the radius of the base ofthe ori 
(res) (0.0.1 


plane pa f its axis. 


! 
cone be 4 feet, find the volume of the truncated cone- 


19. How many solid circular cylinders each of length 8 inches and 
d sphere of radius 6 inches ? 


diameter 6 inches can be made out of a soli 
[ C. U. 1952] 


90, The volume of à sphere is twice the area of its surfaco. Hind the 
[ €. U. 1953 } 


radius of the sphere. 
21. Three solid spher 
respectively are molted into & single solid sphere. Find the radius of the 
[ 0. U. 1958 J 


sphere 50 formed. 


22, How many solid sp} 
r whose length is 45 C 
above dimensions be hollow, how many ‘circular 
do out of it ? [ C. U. 1950 ] 
der of the same radius have 


es of glass whose radii aro 1 cm., 6 em. and 8 cm. 


heres, each 6 cm. in diameter could be moulded 
m. and diameter 4 em. ? 


from a solid metal eylinde’ 


1f the cylinder of the 
discs of diameter 6 cm. may be ma 


23. A sphere and & right circular cylin 
tage does the, diameter of the cylinder 


equal volumes. By what percen 
[¢. U.) 


exceed its height ? 
24, A cylinder, & hemisphere and a cone have equal bases and are 


of the same height ; compare their volumes. 
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£ ; Answers : 


17*519; 2. 4ft.; 3 ft. 3. 15cm., 20 cm., 25 cm. 4. 76cm. 


- 5.. lem: 6. 96 cu. in.s 128 sq. iùn. ` 7. 30 cu. cm., 60 sq. cm. 
8. 20m." 9. (i) 240 cu. cm. ; (ii) 60 cu. in. 10. 13:26 cm, 
11. 4°04 in. ; 13°85 sq. in. 12. 443 sq. ft. ; 49.2 cu, ft. 


13. 2026 cu, in. 14. 0:006 in. 16. 374 cu. ft., 471 sq. ft. 
1. J2-131. 18. 2933 cu.ft. 19. 4. 20. 6. 21. 9. 
22, 5;920. 23. 50/4. 24. 3:2:1. 
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NIVERSITY AND BOARD ^7 

EXAMINATION QUESTIONS 

C. U. Pre-University Examination 
1 1961 

it; (a) The co-ordinates of A, B, C are (-1,5), (8,1) and (5, 7) 
respectively. D, E,.F are tho middle points of BO, CA, AB respectively. 


Calculate the area of the triangle DEF. 
(b Obtain the equation of the straight line through the point (2, 1) 
and perpendicular to the line joining the points (2, 3) and (3,—1)- 
2. (a) Obtain the equation of the locus of a point which moves in tho 
plane of (wy) in such a way that its distance from the point (2, 3) is always 


two-thirds of its distance from the y-axis. 
(b Find the equation of the tangent to the parabola y? =4ax at the 


point (x's y^). 


3.(a) Show that the centres ofthe following three circles aro ina 


straight line : 
æ +y’ 29 —6y 
a? +y’ -0z— 14y-9-0 
.(b) Find the eccentricity and 


M -520; 224 y? —4z-10y- 7-0 


the coordinates of the foci of the 


ellipse eal 
4. (a) Obtain the equations of the 1 


‘between the lines 
(ü) ambos 
(b) Obtain the equation © 


4) and touches the straight 
ndicu 


ines which bisect ihe angles 


=0 and (i) a,v+bay+Ca=0- 
f the circle which has its contre at the 


line 6a+12y=1 
lar to each of two intersecting 


point (3» 
show that it is also perpendi- 


5. If a straight line is perpe 
straight lines at their point of intersection, 
cular to the plane in which they lie. 

6. (a) Find the locus of à point in space equidistant from two given 
points. 

(b) Three solid spheres of gold whose radii are 1 cm., 6 cms., and 
d. into a single gold sphere. Find the 


8 cms. respectively are melte 


radius of the sphere $0 formed. 
1962 
1. (a)- Find the angle between the two straight lines 
yg-meto; and y=m'a+ Cs 
tions to the straight lines each of which passes 


(b) Obtain the equa 
^ = 
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. through the point (2, 


—1) and intersects the axes of coordinates at points 
equidistant from the 


origin and calculate the angle between them, 
2. (a) Obtain the e 


quation to the circle which passes through the 
Points (2, —1) and (3, 


—2) and has its centre on'the straight line 

224-4y—3-9.- À 

() A conic is represented by the equation 4z? —9y? 236 ; Caleulato- 

centricity, length of latus rectum and the coor 
8. (a) Show that the chord of the parabola y?=4az, whose equation is 

«97 742--4842—0, isa nor 


its ec dinates of the foci. — 7 


may touch the circle x2 +y7=102, 


at the point (CA y’). " 3 

€) A point P moves in tho Plane of (ry) in such a way that its 
5y-4=0 and 9z-F4y-F7-0 are equal. 
d out by P, 


i S. and the sum 


Calculate the total area of the outer 
surface of the block, r 


6. (a) Show that ifa straight line is Perpendicular to a plane, then 
every plane passing through it is also Perpendicular to that plane, 
() A right circular cone is 10 cms, high and its slant height is 15 
ems, Calculate the volume of the cone, 


[7=22/7 } 


€) TE (wy) 
A,B, 0 respectively 


G-2GD. 
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(b Find the co-ordinates of the focus of the parabola y? =4ax 
which passes through the point of intersection of the lines i 


my sY 
32 operi 


À e T 2 Li " 
4, (a) Ifthe minor axis of the ellipse Steel be equal to distance 
between tho foci, find the eccentricity of the ellipse. 

(b Find the equation of tho ellipse referred to its centre as origin 


and major axis as z-axis, whose latus rectum is 5 and eccentricity is 3. 
nother in a straight 


5. (a) Prove that two intersecting planes cut one 2! 
line and in no point outside it. 

(b Ifa straight lino is perpen 

straight lino’ ab their point of intersection, 


cular to the plane in which they lie. 
6. (a) Three solid gold spherical beads of radii 3, 4, 5 ems. 


respectively are melted into one solid spherical bead. Find its radius. 
(b) Thé volume of a right circular cylinder and a right circular 
n the samo“base are as 3:2. Show that the height of the 


nder. ` 


dicular to each of two intersecting 
show that it is also perpendi- 


cone standing o 
cone is double the height of the cyli 


i 1964 . 7 
1. (a) The threo points, whose co-ordinates are (ary, n) Ca Ya) and 
Show that 


(vg, Ys) lie in & straight line. 
(Ya Ya) Fas - V5) s s -91)-0 
(b Find the angle between the straight lines 
z—493y-1 and J 3a-y=4- " 
2. (a) Find the equation of the circle, having its centre at (1, —2) and 
pass'ng through the point of intersection of the straight lines 
gu+y=lt and 22--5y -18 
(b) The angle botween the two tangen 
tho circle 2? +y? ^^ is 1209. Prove that the locus of Pise 
3. (a) Obtain the equation to the parabola whose focus is at the 


point (5,0) and whose directrix is the straight line 3” =4y+2=0° 

(b) Find the equation to the normal to the parabola y3-4ax at 

* the point (am?» 2am). ` 
4. (a) Find tho latus rectum, ates of 


ts drawn from a point P to 
24. y? - 4a? [8. 


tho eccentricity and the coordin' 


S 
the foci of the ellipse c 
(b) Obtain the equations of the tangents of the hyperbola 


Tn =], which are parallel to'the straight line J 3a—2y=0 
5. (a) Prove that all straight lines, drawn perpendicular to a giver 


straight line at a given point on it, arą coplanar. 
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(6) Ifa triangle Tevolves about it: 
its vertex is a circle, 
6. (a) A right prism stands on 


20”, 34". If the height of the 
surface. * 


s base, prove that the locus of 


a triangular base whose sides are 18", 
prism is 10’’, find the area of its total 


() How many square feet of canvas are required for a conical tent 
24 ft. high, the diameter of the base being 14 ft, ? [r =32 


=3]. 


1965 


1. (a) Find.the angle between the straight lines whose equations are 


yT3-0. r 
of the circle passing through the points 
(0, 0), (4, 0) and (0, 3). 


(b) Prove that the centres of the three Circles x? +42—42—6y—5=0, 
2' y* -8z—9y— 8-6 and S y Hz-14y4 11-0 lio in a straight line. 
3. (a) Show that the Straigh: 


t line y=mn4% ig a tangent to the 
parabola y? n 


—4ar, 
(b Show that the locus o 


f the 


Point of intersection of tho tangents 
een to the 


: a 
y- i and y=m’, Parabola y? 


=4az is a straight lino, if 
mm’ is constant. 
4. (a) Find the equation of the chord of the ellipse z 4a Sh 
is bisected at the Point (h, k). ao 
() Show that tho locus of the Middle points of a system of parallel 
chords of an ellipse is a straight line, 


5. (a) Find the latus rectum, the eccentricity ang the coordinates of 
2 2 
the foci of the hyperbola? _¥ 


eur Ly 


a 2 . 2 a 
(b) The eccentricities of the hyperbolas B -#51 and Foe -1 


a? 


are e and e^ respectively, Provo that ae 


6. (a) If, of two 
plane, 


dicular, a straight line NM is 
drawn perpendicular toa i i B on the plane XY, Prove 
that PM is Perpendicular to AB, / - 
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; 7. (a) How many solid circular cylindérs, each of length 8 inches and 
diameter 6 inches can be made out of the material of a solid sphere of 
radius 6 inches ? . 

(b) Find the volumo of a pyramid whose base is a triangle having 


sides 9 cms., 10 cms. and 17 cms., and whose height is 12 cms, 
E 


1966 
àl. (a) Obtain tho distance between two points whose co-ordinates are 
(2, yx) and (25, Ya). 
(b) Show that the points (?, 3), (—3, —5) and (—5, —3) are tho 
_ vertices of an isosceles triangle. à 
2.(a) Provethat the straight line 
y-2mzadJ134m? 
is always a tangent to the circle 
wi+y? =a’, 
(b) Find the locus of the point of intersection of two mutually 
perpendicular tangents to tho circle z? +y’ =°. 
3.(a) Find the equation ofthe normal to the parabola y°=4ax in 
tho form d 
y=mx—2am—am*, 
(b) The normal to the parabola y™=4av at the point (am?, —2am) 
meets the parabola again at (am’?, —2am’), Show that 
m? 4-mm' 42-0. 
S’ bo tho two foci of an ellipse and SY, S'Y’ perpendi- 


4. (a) IfS, 
point of the ellipse, prove that. 


culars from S, S’ upon the tangent at any 
SY. S. Y/&55, v 
whero b 2 semi-minor axis of tho ellipse. 

(b) Find the equation of the hyperbola whose focus is (3; 1) 

directrix the straight line 2e+y—1 =0 and eccentricity J 2. ' 
5. (a) Prove that two intersecting planes cut one another in a straight 
_ line and in no points outside it. s 
(b) Find the height of a conical tent such that it can accommodate 
4 persons each of whom requires 40 sq. ft. of space on the ground and 
200 cu. ft. of air to breathe. 


6. (a) Prove that all straight lines, 


Straight lino at a given point on it, are coplanar. ees 
(b) A sphere of radius 10 cms. is dropped into @ cylindrical vessel 


Partly filled with water, The radius of the vessel is 20cms, If tho 
Sphere bo completely submerged; by how much willthe surface of water 


be raiseq ? 


drawn perpendicular to a given 


Burdwan University Entrance Examination 
il i 1961 


1. (a) Find the equation to the straight line passing through tho 
"intersection of the lines 24-2y —3—0 and 3x+4y+7=0 and perpendicular 
to the straight line y—2—8.- 4 
(b) Show that the three points (4, 2), (7, 5) and (9,7) aro in one 
straight line and find the equation of the line of collinearity. 
2. (a) Find the equation of the circle described on the diameter whos? _ 
end points are (z,, y,) and (a4, Ya) 
(6) Find the equation of the tangent to the circle 2?+y? =25 
making an angle of 30° with the straight line 3z--4y 20. 


3, (a) Find the condition that y=mz+c will be a normal to the 
parabola y? —4az. e 


(b) Prove that the tangent to the parabola y?=8x ata given point 
on it makes equal angles with the focal distance of tho point and its 
perpendicular distance from the directrix. 

4. (a) ‘Find the eccentricity, length of the latus rectum and tho 
coordinates of tho foci of the ellipse 10z? + 95? — 144. 

(b) Prove that the tangent to an ellipse at a point on it makes 
equal angles with the focal distances of the point. 

5. (a) All straight lines drawn perpendicular to a given straight lino 
at a given point on it are coplanar. 
(b) Find the volume and the lateral surface of a right prism of 


height 8 inches standing on an isosceles triangle each of whose equal 
sides is 5 inches and the other side is 6 inches, 


6. (a) Ifa straight line is perpendicular to a given plane then any 
plane passing through the line is perpendicular to the given plane. 
(b) Ifa straight line is parallel to a given plane, prove that the line 


_ Of intersection of any plane through the given line with the given plane 
i3 parallel to the given lino, j 
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1. (a) Prove analytically that the line joining the middle points of 
any two sides of a triangle is half the third side. 


.() Find the equations of the medians of the triangle whose 
Vertices are the points (3, 2), (1,-1), (19, —9) and show that they are 
concurrent, j 
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2.(a) Find the equations of the tangents to the circle (w@—1)2+ 
(y+1)?=16 parallel to the line y=3x+10. 3 

(b) Prove that the points (1, 1), (2,0), (3, —3), (-5,-7) are 
concyclie and find the equation of the circle passing throuzh them, 

3. (a) Find the equation to the parabola whose focus is at tho origin 
and whose directrix is the straight line 27+y—1=0, Find out its 
vertex. 

(b Show that tho tangents to the parabola y? 
(2, 4) and (2, —4) intersect on the x-axis. F 
the tangents. 

4. (a) Stari 


=8v at the points 
ind also the angle botween 


ting from the focus directrix properties of an ellipse, show 


jp" 2 
that the equation of an ellipse is of the form : TV - 
a 


(b) : Find the length of the latus rectum, the foci and the equations 

of the directrices of tho hyperbola 32? —4y?=48, 

5. (a) If two straight lines aro 

dicular to a plane, 
plano, 


parallel and if one of them is perpen- 
show that the other is also perpendicular to that 


(b) Prove that all straight lines drawn 
point to a system of parallel straight lines in 
6. (a) How many solid circular cylinders 

6 in. can be made out of the material of a soli; 
(b) Aright circular cono 15 em. high 
being 8 cm. has its upper part cut off b 


point of its axis parallel to the base, F 
cone, 


Perpendicular from a given 
space are coplanar, 

of length 8 in. and diameter 
d sphere of radius 6 in. ? 

h, the radius of the base 
y à plane through the middle 
ind the volume of the truncated 
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l.(a) Show that the area of the ieiangle, 


the coordinates of Whose 
j È 1 AW 1). (b ~c)(c—a)(a—b) 
angular points are (22); (^) and Q 3) 8 a 


(b) If the centroid of a triangle is (1, 4) and two of its ‘vertices are 
(4, - 3) and (— 9, 7), find the other vertex, 
2. (a) Show that the equation 
aitb y +e, -N(a52- by 4-04) - 0, 
Where À is an arbitrary constant, represents any straight line 
through the point of intersection of the lines 
a,%+6,y+c,=0 and d49-- 5494-0, — 0, 


(6) Find the equation of the straight lin 


passing 


e which passes through 


©" Yı) and is perpendicular to the jom of (25, Ya) and (v,, y3). 


3. (a) Find the equation of the circle which is concentric with the 


ISO EEUU 85.30 sui wii passes through the point (5, —2) 
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(b) If y-zsin 4+a sec & be a tangent to the circle z?-ry* -a*» 
then prove that cos?« —1 

4.(a) Find the condition that the straight lino y=me+c should 

touch the parabola y? =4ax 

(b) Find the equation of the ellipse (referred to its axes as the axes 
of x and y respectively) which passes through the point (—3, 1) and has 
the eccentricity ./ 3. 

5. (a) If two intersecting planes are each perpendicular to a third 
plane, prove that their line of intersection is also perpendicular to that 
plane. 

(b) If, of three lines of intersection of three planes, two be 
parallel, show that the third will also be parallel to the other two. 

6.(a) The length, breadth and the height of a closed box aro 12 in, 
10 in., and 8 in. respectively and the total inner surface is 367 sq. in. 
If the walls of the box are uniformly thick, find the thickness, 

(b) If S be the area ofa closed surface, V be the volume, + the 
height and € the semi-vertical angle of a right circular cone, prove that 
_ mh? sin « 


DE and V 2izh* tan?«. x 
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1, (a) A point P divides the straight line AB internally in the ratio 


*:9. The co-ordinates of A and B are (a,, a3) and (61, ba) respectively. 
Find the coordinates of P. 


(b) Find the equation of the locus of a point P(x, y) if the ratio of 


its distance fron the point.(—1, 0) to its distance from the point 
(1, 0) be'2 : 1, " 
2. (a) Find an expression for the angle between the two straight lines 
given by Az--By-0 and A’x+B'y =0 respectively. 
(5) Find the distance of the 


point of intersection of the two straight: 
lines 2a 


—3y+17=0 and 32+44y=0 from the straight line 4z—3y-0. 


3.(a) Find the equation of the circle described on the diameter whoso 


end-points have the co-ordinates (2, Yı) and (wa) ya) respectively, 
(b) Find the equation of the circle which passes through the points. 
(1, —2) and (4, —3) and which has its centre on the straight line 
(32-45 55) 
. *(a) Find the equation of the tangent to the parabola y? —8z which 
18 perpendicular to the straight line 3z—y+7=0, 
(6) Find the distance be 


PN tween the focii of the ellipse whose 
equation in standard form is 322 44y? —94 s 


UNIVERSITY QUESTIONS 199 


5. (a) What do you mean by (i) the angle between a plane and a 
Straight line ; (ii) the angle between two planes 7- 

If a right angle revolves about one of its arms then prove that the 
other arm describes a plane. 

(b) The base of a right prism is a triangle whose perimeter is 15 cm. 
and the radius of the in-circle of the triangle is 3 cm. If the volume of 
the prism be 270 c.c., find its height. 

6. (a) Prove that, ifa straight line is perpendicular to each of two 
intersecting straight lines at their point of intersection, then “it is 
perpendicular to the plane in which they lie. 

(b Prove that all straight lines drawn perpendicular from a given 
point to a system of parallel straight lines in space are coplanar. 
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i. (a) Find the area of a triangle whose vertices are the points 
Alx,» Yı) Blas, Ya) and O(z,, ys) respectively. 

(b) Prove that the four points (2, 1), (4, 3),*(2, 5) and (0, 3) joined 
in order from a parallelogram. 

2. (a) Prove that the length of the perpendicular drawn from the point. 
(xı, Yı) upon the straight line 4z-- By--C —0 is the numerical value of 

Ax, +Byi +0 
J A?4+B? 

(b) Find the distance of the origin from the line —32+4y+11=0 
measured parallel to the line 2a-+-y+2=0.. 

3. (a) Prove that the line y=mz+J/1+m? is a tangent to the circle 
a? +y2—-1=0. 

(b) Find the equation of a circle whose centre is at the’ origin and 
which meets the line 3 =1 on the axis of y. 


4. (a) Find the vertex and the axis of the parabola whose focus is 
(3, 4) and directrix is 3z4-4y 4- 25 — 0. 
(b) Find the equation of a tangent to tho ellipse which makes an 
$ T o0 0m oy? 
angle of 609 with tho z-axis, the equation of the ellipse being Sthe 
5. (a) Prove that all straight lines drawn perpendicular to a given 


straight iine at a given point on it are coplanar: w 
(b) Prove that a point can be found in a plane equidistant from 


three points outside the plane, if the three points are non collinear, and 


lio in a plane which is not perpendicular to the given paaa 4 
6. (a) A plane is drawn parallel to the base of a right circular cone 
80 as to divide it into two parts of equal volumes. Show that the plane 


divides the axis in the ratio 1 : (2-1) y 
(b) Show that the volume of a right prism of length / and with the 


end-face an equilateral triangle of side a, is y $a*l. 
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1. (a) Obtain the coordinates of the point which divides the straight 
line joining the points (Œi y) and (£3, Ya) internally in the ratio m, : ma 

(0) If A, B, O, D are points whose coordinates are (—2, 3), (8, 9), 
(0, 4) and (3, 0) respectively, and AB and CD are joined, find the ratio 
of the segments into which AB is divided by CD. 

(c) Obtain the equation of tho straight line whose intercepts on the 
axes OX, OY are a and b respectively. 

(d) Determine the equation of the straight line which 
through the intersection of the lines given by 3z—4y4-1 
and has equal intercepts of the samo sign on the axes. 

2. (a) Find the length of the ch 
intercepted on the straight line 3z+4y 

(b) Obtain the coordinates [7 
the two tangents to the above 
3z4-4y—c-0. 

(c) Find out the eccentricity, 
of the ellipse 9x24 25y2 — 925. 

(d) Find the distance from the 
tangent at the extremity of a latu 
9a? 4-255? —295, intersects the major axi 


passes 
=0 and 5z4-y — 1, 


ord of the circle wy? —04, 
—c=9, 

f the point of contact of any one of 
Circle x?4y?=64, parallel to tho line 


and the coordinates of the foci 


origin of the point where the 


s rectum of the above ellipse 
s. 


3. (a) Find out the equation of t 
y* —4az at the extremity of the latus rectu 
(b) A double ordinate of the 
Prove that the lines 


he tangent. of the parabola 
m. 


parabola y*-4az is of length 8a. 
joiniog the vertex to its two ends are 


at 
right angles. 

(c) Obtain the equation to the hyperbola whose focus is (a, o), 
directrix is the straight H 


line z—1a, and eccentricity is JJ 9, 
(d) A rod of length 6 units slides with its e: 
the eoordinate axes, Prove that its: middle 
whose equation you are to determine, 

4. (a) A thick hollow cylindric; 
whole surface (outer an, 
is 308 sq, inches, 
if its material weighs 5 ozs, 


xtremities always on 
point traces out & circle, 


[Take 722/17) 
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(b) When is (i) a straight line, (ii) a plane, said to be perpendicular 

to a given plane ? ` 

If a straight line is perpendicular to each of two intersecting 
straight lines at their point of intersection, prove that itis perpendicular 
to the plane containing them. 

(c) Obtain the coordinates of the centre of the circle passing 
through tho points (1, 2), (3,—4), (5,—6) and determine the length of 
its diameter. 

Is tho origin inside or outside tho circle ? 
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1. (a) Obtain the area of the triangle whose vertices are the points 
(213 Y1)» (Sas Ya)» and (751 Y3). 

(b) Find the area of the triangle whose vertices 4, B, C are respec- 
tively (3, 4), (—4, 3) and (8, — 6) ; hence, or otherwise find the length of 
the perpendicular from A on BC- 

(c) Obtain the equation of the straight line passing through the 
points (v, » Yı) and (zs, Ya). 

(d) Obtain the equation to the perpendicular-bisector of the line 
joining the points (—2, 7) and (8,—1) At what distance is this perpendi- 
cular-bisector from the origin ? 

2.(a) Obtain the equation to the circle passing through the points 
(3, 4), (8,—6), (—1, 2) and determine its centre and radius. 

(b) Prove that the straight line y—c-4-a4/2 touches the circle 
2? 4- y? —a?, and find its point of contact. 


2 2 
(c) Obtiain the equation to the normalto the ellipse ES += at 


the point (#1, yı) on the ellipse. E 

(d) Find the equation to the tangent of the ellipse 92?--16y?*—144 
having equal positive intercepts on the axes. 

3. (a) Find out the equation to the parabola whose focus is (—3, 4) 

and directrix is 0z — 7y-- 5 —0 

(b) The two tangents drawn from a point P to the parabola 
y? —4c aro at right angles. Find the locus of P. ü 

(c) In the hyperbola 4%? —9y? =36, find the lengths of the axes, tho 


coordinates of the foci, the eccentricity and the length of the latus 


rectum. 

(d) Find the condition that y=metc may touch the hyperbola 
2?—y2 =a, 

4, (a) A and B are two fixed points whose coordinates are (2, 4) and 
(2, 6) respectively ; ABP is an equilateral triangle on the {side of AB 
opposite to the orgin. Find the coordinates of P. 
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(b) B and C are fixed points havin, 
respectively. If the vertical angle BA 
the centroid of the triangle ABO is a 
determine, 


E coordinates (3,0) and (—3, 0) 
C be 90°, show ;that the locus of 
circle whose equation you are to 


l.(a) Find the coordinates of th, 
ratio m,: 


AE internally, the line j 
and (v;, y) 


e point which divides in a given 
oining two given points (031) 


3). Find the coordinates of the point where the medians of the 
triangle intersect, 
2. (a) Find the angle bet, 
Y=m,"-+c, and y-2mqce,. 
(b) Find the equation of the straj 
(-3, 1) and perpendicular to the line 5 


een the straight lines whose equations are 


ight line Passing through tho point 
2$—2y4-7—0, 


* and y respectivoly, 
(b) Prove that the centre; 
$^ y* 2g By = —1, z? 

lie ona Straight line, 


4. (a) Fina the e 
(5, 0) and whose dir, 


8 of the three circles 


+y"+42—12y=9 and 247—180 


whose focus i 


Sat the point 
—4y+2=0 


5. (a) Find the equation of the ellipse whose major and minor axes 
lio along the axes of 


coordinates x ang Y respectively and Whose eccentri- 


tity is a and latus Tectum 3, 
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(b) Show that the line v—y=5 touches the ellipse 
æa y? 
EAB 
16*9 
6. Prove that all straight lines drawn perpendicular to a given 
straight line at a given point are coplanar. 


7. Ifaright angle rotates about one of its arms, then the other arm 
describes a plane. Prove this. 

8. Find the volume and the lateral surface of a right prism 8 inches 
long, standing on an isosceles triangle, each of whose equal sides is 5 
inches and the other side is 6 inches. 

9. Aright pyramid stands on a rectangular base whose sides are 12 
inches and 9 inches; and the length of each of the slant edges is 8'5 
inches, Find the height and the volume of the pyramid. 
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1l. (a) Obtain tho distance between two points whose rectangular 
Cartesian coordinates are (,; y,) and (zs, ys). 
(b) Prove that the points (2, —2), (8, 4), (5, 7) and (—1, 1) are the 
successive angular points of a rectangle. 
2. (a) Obtain the perpendicular distance from the point (#,,4,) to 
the straight line az 4-by-- c—0 
(b) Find the ortho-centre of the triangle whose angular points 
are (2, 7), (—6, 1) and (4, —5). 
3. (a) Find the equation to the tangent at (xı, yı) of the circle 
æ +y’ =a’. 
(b) Obtain the equation to the circle which passes through the 
point (0, 4) and touches the z-axis at the point (2, 0). 
4. (a) A tangent to the parabola y? —12z makes an angle 459 to the 
axis. Find the coordinates of its point of contact. 
(b) The coordinates of the foci of & hyperbola are (5, 0)and 
(—5, 0), and its eccentricity is $. Find its equation. ~ 
5. (a) Show that the locus of the middle points of a system of 
parallel chords of the ellipso = Hl is a straight line passing through 
its centre. 3 
(b) Find the equation to the normal to the ellipse 


at an extremity of a latus rectum, 


6. (a) Ifa straight line is perpendicular to each of two intersecting 
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Straight lines at their point of intersection, 
to the plane in which they lie, 

() If PA-PB-PO, where P isa Point ‘outside the plane of the 
triangle ABC, and if PO be drawn perpendicular to the plane, prove 
that O is the cireum-centro of the triangle ABC. 

(c) If two straight lines are b 
that they are parallel, 

(d) Ifthe middle points of th 
lateral are joined, Prove that the fi 

7. Aright circular cylinder 
bases and equal heights, 


show that the radius of tho 
or, 


Prove that it is perpendicular 


oth perpendicular to a plane, show 


ms. is dropped into a cylindrical vessel 
The diameter of the vessel is 12 ems. 


merged, by how much will the surfaco 
water be raised ? 


gh the origin ; 
(b) is perpendicular to the straight line 95— 
(c) makes equal interee 
3. Prove that the strai 
w pyr —42—06y—12—0 and 
4. Find the focus, verte. 


5y+6=0; 
Pts on the two axes, 


(y+3)2 =2(x+2) 
5. What do you understand by-the term ‘eccentricity’ 

& hyperbola ? 
Find the equatio; 
the line z4- Qy= 


as applied to 


Yperbola whose focus jg (2, 3), and directrix, 

land eccentricity V3. 

6. Give instances from tho sides and edges of a cube of : 
(a) parallel planes, ( 


b) planes per 


4 Pendicular to ong another, (c) 
ines parallel to a Plane, (d) lines Perpendicular to & plane, (e) pairs of 
skew lines, s 

or, 


Prove that if a straight line is Perpendicular to each of two 
s 
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intersecting straight lines at their point of intersection, it is also 
perpendicular to the plane in which they lie. 


7. The volume of a right prism is 80 cu. ft. and its base is a triangle 
whose sides are 3 ft., 4 ‘ft. and 5 ft. respectively, Find the height and 
the area of the total surface of the prism. 

or, A conical tent is required to accommodate 4 people ; each person 
must have 20 sq. ft. of space on the ground and 100 cu. ft. of air to 
breathe. Find the height and radius of tho tent. [7 =22/7] 
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1. Show that the points (2a, 4a), (2a, 6a) and (2a+./3a, 5a) are tho 
vertices of an equilateral triangle whoso sides are each of length 2a. 
Calculate its area. 

2. What do the following equations represent ?— 

(i) 2 +y?—62+8y=0, 
(ii) (y+4)?=4(e-3), 
(iii) (w-3)(y+-4)=0. 
Roughly sketch the graphs. 


3. Express, in the form z + = 1, tho equation of the straight line 


passing through the point (3, 2) and the intersection of the lines 
Sz y 520 and z4-5y--3—0. 
Tind the area of the triangle cut off from the coordinate axes by 
this line. 
. 4. Prove that the centres of the threo circles 


w+y?=1, a*4.y*--Ór —2y=6 and z?-Ly*—19z4-4y-9 
aro collinear and that their radii are in arithmetical progression. 


5. Find the centre, the eccentricity, the foci and the lengths of the 
axos of the ellipse 9%? 4-25y? —225. 
6. (a) How would you measure the angle which a Straight lino 
makes with a given plane ? 
(b) Whenis a straight line said to be perpendicular to a given 
plano ? 
(c) When are two planes perpendicular to ono another.? 
(d) What are skew lines ? 
Illustrate your answer by suitable diagrams. 
or, Prove that all straight lines drawn Perpendicular to 


4 & given 
straight line at a given point of it are coplanar. 
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he Tho base of & right prism is a triangle whose sides are 1'/9'/, 
l'8'" and 1’1’’ long. If the height is 8’, find the whole surface and 
the volume of the prism. 

or, Find, to the nearest tenth of a metre, 
tent which stands on a circular base of diamo 
contains 90:478 cubic metres of air, [7 —3:1410] 


the height of a conical 
ter 8:0 metres and which 


—————À 


